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FILTRATIONS, FACTORIZATIONS AND EXPLICIT FORMULAE FOR 

HARMONIC MAPS 

MARTIN SVENSSON AND JOHN C. WOOD 

Abstract. We use filtrations of the Grassmannian model to produce explicit algebraic formulae 
for all harmonic maps of finite uniton number from a Riemann surface, and so all harmonic maps 
from the 2-sphere, to the unitary group for a general class of factorizations by unitons. We show 
how these specialize to give explicit formulae for such harmonic maps to each of the classical 
compact Lie groups and their inner symmetric spaces — the nonlinear cr-model of particle 
physics. Our methods also give an explicit Iwasawa decomposition of the algebraic loop group. 



1. Introduction 

In |22j . K. Uhlenbeck showed how to construct harmonic maps from a Riemann surface 
to the unitary group U(n) by starting with a constant map and successively modifying it 
by a process cahed 'adding a uniton', a sort of Backlund transform. She showed that all 
harmonic maps from the 2-sphere S'^ could be obtained that way. Harmonic maps from the 
2-sphere are particularly important for three reasons: (i) they are equivalent to harmonic 
maps of finite energy from the plane |20j : (ii) they constitute the nonlinear u-model of 
particle physics, see, e.g., [25]; (iii) they are precisely the minimal branched immersions 
of S'^ in the sense of [U]. More generally, Uhlenbeck's method gives all harmonic maps 
from other Riemann surfaces which are of finite uniton number; these maps are also 
minimal branched immersions. Various ways of making this more explicit were given by 
the second author and others, e.g., [24]; however, finding the unitons involved the solution 
of 5-problems, which could rarely be solved explicitly. 

In |11] . M. J. Ferreira, B. A. Simoes and the second author showed how to solve this 
problem, producing algebraic formulae for the unitons, and thus for all harmonic maps 
of finite uniton number from a surface to the unitary group. They used the factorization 
essentially due to G. Segal [21] which is dual to that used by Uhlenbeck. They then related 
their formulae to the Grassmannian model of Segal. By a completely different method in 
which the unitons are thought of as stationary Ward solitons, B. Dai and C.-L. Terng [7] 
obtained explicit formulae for the unitons of the Uhlenbeck factorization. 

In the present paper, we use filtrations of the Grassmannian model to produce explicit 
algebraic formulae for harmonic maps of finite uniton number for a general class of fac- 
torizations, including not only those above, but also factorizations obtained by a mixture 
of them and the factorization by ^^-images studied by the second author |24j . On the 
way, we establish many useful formulae relating uniton factorizations and filtrations. 

Finally, we show how to apply our methods to finding harmonic maps of finite uniton 
number from a surface to the special orthogonal group SO(n) and the real Grassmannians; 
we also find harmonic maps to the space S0(2m) /U(m) of orthogonal complex structures. 
Here we use a factorization by alternate Uhlenbeck and Segal steps; our formulae for such 
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mixed factorizations then give explicit formulae for all such harmonic maps, see Theorems 
16.31 and 16.81 and Corollary 16. 51 

The same methods apply to find all harmonic maps of finite uniton number from a 
surface to the symplectic group Sp(m) and quaternionic Grassmannians; here the factor- 
ization is that studied by Q. He and Y. Shen |15j, Y. Dong [8] and R. Pacheco [18]. 

We can also find harmonic maps to the space Sp(m)/U(m) of 'quaternionic' complex 
structures on C^"* (equivalently, Lagrangian subspaces of C^^j. In this way, we obtain 
explicit formulae for all harmonic maps of finite uniton number from surfaces to the 
classical compact Lie groups and their inner symmetric spaces. Note that our methods 
could be extended to find pluriharmonic maps from Kahler manifolds to these spaces 
using ideas of [I7j . 

The paper is arranged as follows. In ^ we give formulae relating factorizations and 
filtrations which are purely algebraic; in particular, we study the two extreme filtrations 
of Segal and Uhlenbeck. 

Then in ^ we discuss extended solutions of harmonic maps, their factorizations and 
filtrations, and study how operators in the Grassmannian model correspond to operators 
on the corresponding subbundles. A special case is that of extended solutions which are 
invariant under the 'additional S'-'^-action' of C.-L. Terng discussed in [22. §7]; as in [Jj, 
this extends to an action of C \ {0} which can be used to deform any harmonic map to 
an S'^-invariant one. 

Our explicit formulae for harmonic maps are given in 21 we show how these give explicit 
formulae for the algebraic Iwasawa decomposition (Theorem 14. 8p . In ^ we see how our 
methods apply to give harmonic maps to complex Grassmannians. 

Finally, in ^ we apply our methods to give harmonic maps to the groups S0(?7-), 
Sp(m) and their inner symmetric spaces: the real and quaternionic Grassmannians and 
the spaces S0(2m)/U(m) and Sp(m)/U(m). We thus see how to obtain explicit formulae 
for all harmonic maps of finite uniton number from a surface, in particular, all harmonic 
maps from the 2-sphere, into the classical Lie groups and their inner symmetric spaces. 

2. Some basic algebraic formulae 

2.1. The Grassmannian model of r2U(n). For a Lie group G, we recall that the group 
of (free) loops on G is given by 

AG = : ^ G : 7 is smooth}, 

and the group of (based) loops on G is given by 

= {7 e AG : 7(1) = e}. 

where e denotes the identity element of G. We shall mainly consider the case when G is 
the unitary group U(n), where n is a fixed positive integer, or one if its subgroups: the 
orthogonal group or symplectic group. 

We denote by = Ti^"^^ the Hilbert space L^(S'^, C"). By expanding into Fourier series, 
we have 

Ti = linear closure of {A*ej : i £ Z, j = 1, . . . , n} 

where {ei, . . . , e„} is the standard basis for C"; in fact, {A*ej : i G Z, j = 1, . . . , n} is a 
complete orthonormal system for Ti. 

The natural action of U(n) on C" induces an action of n\J{n) on T-L which is isometric 
with respect to the inner product. We consider the closed subspace 

= linear closure of {A*ej : i E N, j = 1, . . . , n} 
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where N = {0,1,2,...}. The action of r2U(n) on % induces an action of r2U(n) on 
subspaces of H.] denote by Gr = GA'^'> the orbit of T-L^ under that action. For a precise 
description of the elements of Gr we refer to [19]; here we just note that any W S Gr is 
closed under multiplication by A, i.e., XW C W, and we have a bijective map 

(2.1) nV{n) B^^W = <^n+ G Gr; 

we cah W the Grassmannian model of <1>, we shah frequently use this identification. The 
map (j2.ip restricts to a bijection from the algebraic loop group r2aigU(n) consisting of 
those 7 G i7U(n) given by finite Laurent series: 7 = X]i=s '^^'^k where r > s are integers 
and the are nxn complex matrices, to the set of A-closed subspaces W ofH satisfying 

for some integers r > s. Note that such a subspace can also be thought of as a subspace 
of the quotient vector space X^T-L+J X^'H+; this quotient space with the inner product in- 
duced from T-L may be naturally identified with the finite-dimensional vector space 
equipped with its standard Hermitian inner product. 

From now on, let r G N, and let f]r.U(n) denote the set of polynomials <I> = X]fc=o '^'^^fc 
of degree at most r. Then (12. ip further restricts to a bijection from Oj.U(n) to the subset 
Gr^ of those W G Gr satisfying 

For any i G Z, let Pj : 7^ — )• C" denote the i'th natural projection given by L = 
^ A*Lj I—)- Li. For any subspace a of C^, we denote by tTq, and vr^ orthogonal projection 
onto a and its orthogonal complement a"*", respectively. The fundamental idea behind 
relating uniton factorizations and filtrations is the following construction due to Segal 
|21j . though the terminology is ours. 

Let $, $ G OU(n) and set W = <^n+ , W = G Gr. We say that W (or $) is 

obtained from W (or <I>) by a X-step if 

(2.2) XW cW cW, equivalents, W cW C X'^W. 

Lemma 2.1. Let W = ^Ti+ and W = where G r2U(n). Then W is obtained 

by a X-step from W if and only if 

^ = ^{TTa + AvTq ) equivalently $ = ^{na + A^^'^vr^ ) , for some subspace a. 

Further, 

(2.3) a = Po^~^W and = Po<^'^ XW ; 
conversely, 

(2.4) W = ^{a) + XW = <^{a) + XW and W = ^{a^) + W = X~^<^{a^) + W. 
Here, Po<^'^XW means Po{<^~^{XW)) . 

Proof. Suppose that W is obtained from W hy a A-step, so that A<1>'H+ C ^7i+ C <I>'H+ . 
Then Xn+ C ^-^^n+ C n+ , which implies that ^-^^n+ = a + Xn+ = (vr^ + X7r^)n+ 
for some subspace a C C"; hence ^ = ^{tTo + Avr^). The converse is immediate, as are 
(|23D and ([23]). □ 

Thus a A-step W ^ W is equivalent to a choice of subspace a of C"-. Note that we do 
not exclude the extreme cases: (i) a = C", then $ = <I> and W = W; (ii) a = the zero 
subspace, then $ = A~^$ and W = X~^W. 
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For the rest of this section, let W = G Gr^ where $ G rirU(n). Note that, if 

r = 0, then <!> = /, the identity matrix, so that W = T-Lj^ . 

Definition 2.2. By a X-filtration (Wi) of W we mean a nested sequence 

W = WrC Wr-1 C-- - CWo = 'H+ 

of A-closed subspaces of 71+ with each is obtained from Wi by a A-step, i.e., 

(2.5) XWi-i C Wi C Wi.i (2 = l,...,r). 

By a simple induction starting with Wq = T-1+ we see that each Wi G Gvi . We now 
identify the subspaces and loops associated to a A-filtration. 

Proposition 2.3. Let (Wi) be a X-filtration of W. Define a sequence $i G OU(n) 
inductively by = I and ^i = <I'i_i(7rQ. + Avr^.) {i = 1, . . . ,r) where 

(2.6) ai = Po^~\W^ . 
Then ^in+ = Wi . 

Proof. We use induction on i. For i = 0, it is trivial. For i = 1, (j2.5p implies that 
Wi = V + A'H+ for some subspace ^ C C" and ()2.6p gives qi = PqW^i = V- Hence 

Wl = 1Ta,n+ + Xn+ = {TTa, + XlT^Jn+ = ^lH+ , 

as desired. 

Now suppose that = PV^-i for some i > 1. Then, from (j2.5p and the induction 

hypothesis, A'?^+ C ^>,^\Wi, C n+ , so that, by (jTHD . 

«>r\PFi = a^ + Xn+ = i^T^ + XTT^)n+ . 

Hence ^iT-i+ = ^« ) completing the induction step. □ 

The proposition implies that 

(2.7) $0 = /, and = (vr^, + Avr^ ) • • • (vr^, + Avr^J (i = 1, 2, . . . , r) ; 
thus, the $i are polynomials in A of the form 

(2.8) ^i = TQ + XTl + --- + X'Ti (AG 5^) 

where the T"- are n x n complex matrices. 

The proposition shows that the choice of a A-filtration (Wi) of W is equivalent to the 
choice of a sequence (oj) of subspaces of C"; this is equivalent, in turn, to a factorization 
of 

(2-9) $ = (7r,, +A7r^J---(7r,,+AO. 

Indeed, given (Wi), define the sequence (a^) by (|2.6p : conversely, given an arbitrary 
sequence (oj) of subspaces, define the sequence ($«) by (|2.7p and then set Wi = ^i'H+ ■ 
From Lemma |2. II we obtain the following formulae. 

Corollary 2.4. Let (Wi) be a X-filtration. Then for i = 1, . . . ,r, we have 

(i) ai = Po<l>r\XW,.i); 

(ii) Wi = $i_i(ai) e XWi-i = <l>i{ai) XWi-i ; 

(iii) Wi = Mahi) ® ^^+1 = A-^^i+i(a,ii) e Wi+i ; 

Furthermore, all the direct sums are orthogonal direct sums with respect to the inner 
product on Hj^ . □ 
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Prom (|2.8p we obtain 

= '^i* = Si) + X~^S\ + ■■■ + X-'Sj (A G S^), 

where each SI is the adjoint (T*)* of . On the other hand, from (|2.7p we obtain 

V' = (^". + A^V^J • • • (7r„, + A-iyr^J . 

Comparing these, we see that SI is the sum of all z-fold products of the form Ilj • • • Hi 
where exactly s of the Hj are tt^. and the other i — s are Tiaj ■ 

Corollary 2.5. We have the following explicit formulae for each subspace ai : 

i — l i 

(2.10) (a) a,= {^Si~^Ps)Wi, (b) ai = {^SiP,^r)w,.^ . 

s=0 s=l 

Proof. The formulae are obtained by expanding (j2.6p and using Corollary I2.4( i). □ 

2.2. Two extreme filtrations. There are two natural A-steps, which we shall call the 
Segal and Uhlenbeck steps, given on a subspace W £ Gri by 

w,ti = w + X'^n+ , Wi^i = (A^^VF) r\n+ = {\-^w) r\n+ + \'-^n+ , 

respectively; note that the Segal step depends on i. Since {X~^W n 71+) + X^~'^'H+ = 
[X~^{W + X''^^'H^)) n ^+ , the Segal and Uhlenbeck steps commute. 

Starting with a subspace W E Gr^ and iterating these steps gives A-filtrations of W 
which appear in the work of Segal [21] and Uhlenbeck [22j: 

(2.11) Wf = W + \'n+ (i = 0, . . . , r) {the Segal filtration)] 

(2.12) W}^ = {\'"'W)r\'H+ (i = 0,...,r) {the Uhlenbeck filtration). 

We call the corresponding subspaces Oj and factorization (|2.9p the Segal (resp. Uhlen- 
beck) subspaces and factorization. The following proposition shows that these are the two 
extremes of the possible filtrations of W. 

Proposition 2.6. Let W € Gr^ . For any X-filtration {Wi) of W , we have 

WfcWiCW^^ {i = 0,...,r). 

Proof. Since A*'H+ C Wi and 1^ C Wj, we see that 

Wf = W + X''H+ C Wi {i = 0,...,r). 

To show that Wi C Wf , we use reversed induction: since Wr = Wy = VF, it is true for 
i = r. Assume that it is true for some i. Then we see that 

Wi-i c x-^Wi c x^^x'-^'w) = x'-^-''w. 

Since Wi^i C n+ it follows that Wi-i C (A*^^"*"!^) nn+ = W}L^ , and the induction 
step is complete. □ 

Remark 2.7. For any i > 1 and W S Grj , set W^ = X^~^W^ where W denotes the 
complex conjug ate of W. If Ty = , then clearly W^ = X'^n+; it follows that 

W I— )• W^ is an involution on Grj. Furthermore, (i) if W is obtained from by a A-step 
with subspace a, then W^ is obtained from W^ by a A-step with subspace a-*-; (ii) if the 
step W ^ W is Segal (resp. Uhlenbeck) then the step W^ i— )• W^ is Uhlenbeck (resp. 
Segal). 

This involution induces an involution on A-filtrations: given a A-filtration {Wi), setting 
Wl = X^~^Wi defines another A-filtration (W/). See also Example 13.81 
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We now see what choices of subspace correspond to Segal and Uhlenbeck steps. 
Proposition 2.8. For i>l, let ^ e OiU(n). Write 

(2.13) $ = To + TiA + • • • + r,A* so that <^-^ = So + SiX'^ + ■■■ + SiX"' 

where Sj is the adjoint of Tj {j = 1, . . . ,i). Let a be a subspace of C". Write W = ^T-L+ , 
$ = ^{tt^ + A-V^) and W = ^'H+ . Then 

(i) W^ = W + \'-^n+ (Segal step) if and only if a = ker(Ti) ; 

(ii) W = (X-^W) n n+ (Uhlenbeck step) if and only if a = Im(5o). 
(Note that we do not insist that Ti or Sq be non-zero.) 

Proof {i)W = W +y-^'H+ if and only if <^-^{XW) =_Xn+ + X'<^-^n+ . Since W CW 
and Xn+ C ^~^{XW), this is equivalent to Po^~^{XW) = PoA*$"^^+ . By Corollary 
I2.4( i). this holds if and only if 

a"*" = Po-^**^' "'^^+ = Ini(S'j), equivalently, a = ker(ri). 
(ii) This follows from (i) by applying the involution of Remark 12.71 □ 

The following result shows how the particular choices of extreme filtrations correspond 
to 'covering' properties of the corresponding subspaces. 

Proposition 2.9. Let W £ Gr^- Let (Wj) be a X-filtration of W and let ai be the 

corresponding subspaces given by Proposition \2.3l 

(i) Suppose that, for some i = 1, ... ,r — 1, we have Wj_i = Wj + X'^^^'H-^- . Then 
Wi = Wi+i + X^'H+ if and only if 

(2.14) -Ka.iai+i) = ai . 

In particular, iyVi) is the Segal filtration of W if and only if (j2.14p holds for all i = 
l,...,r- 1. 

(ii) Suppose that, for some i = 1, ... ,r — 1, we have Wi^i = (X^^Wi) n Ti-i- . Then 
Wi = (X'^Wi+i) n ^+ if and only if 

(2.15) T^oi+iiai) = Oj+i • 

In particular, (Wi) is the Uhlenbeck filtration of W if and only if (j2.15p holds for all 
i = 1, . . . ,r - 1. 

Proof, (i) By Corollary I2.4l fii). we have 

W^+l + X"H+ = ^i{ai+l) + XW^ + X'n+ = ^i{a^+l) + X{Wi + X'-^n+) 
= M^i+i) + XW,-i = «>i-i((vr„^ + A7r4)(a,+i) + AH+) 

(2.16) = $i_i(7r„,(ai+i) + A1^+). 

Now, if Wi = Wi+i + X^T-L+ , then applying <I>~_\ to the above gives 

By Proposition 12.31 Po^~}iWi = Oj , so that the last equation implies ()2.14p . 
Conversely, if (I2.14p holds, then the right-hand side of (I2.16P equals 

^i-i{a^ + xn+) = ^in+ = w^, 

which establishes (i). The proof of (ii) is similar. □ 
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2.3. S^-invariant polynomials. Recall (e.g. \22\ §7]) that there is an S'^-action on 
riU(n) given by = ^fiX^J^^ (a* G 5'\ $ e OU(n)). We now identify all 5^-invariant 

polynomials, i.e., polynomials ^ G OU(n) which satisfy ^x^fi = <&a/x (-^jM S S^)- 
The next result follows easily from [22, §10]. 

Proposition 2.10. $ G 17^11(71) so that W = G Gr,.. Denote by (3i,...,/3r and 

7i , . . . , 7r t/ie subspaces of C" corresponding to the Segal and the Uhlenbeck filtrations of 
W , respectively, so that 

(2.17) $ = (vr^, + • • • {np^ + = (vr^, + Avr^J • • • (vr^, + Avr^J. 

Then the following are equivalent: 

(i) A C A+i (i = l,...,r- 1); 

(ii) $ is -invariant; 

(iii) W^ = E[=o A^A+i + A^-H+; 

(iv) W^ = E[=o A'W + A--H+; 

(v) 7i+i C 7i (i = l,...,r- 1). 

Furthermore, if any of the above hold, then ji = (3r-i+i for all i = 1, . . . ,r. □ 

Corollary 2.11. Let ^ E QrVin) be -invariant. Let W = G r2f._iU(n) be 

obtained from W = be a Segal or Uhlenbeck step. Then $ is also -invariant. 

Proof. It is easy to see that, if = ^>'H+ satisfies (iv), then W^_i = W + y~^'H+ and 
WY_i = {\~^W) n continue to satisfy (iv) (with r replaced by r — 1). □ 

For S^-invariant harmonic maps, see §3.31 

3. Harmonic maps and extended solutions 

3.1. Basic facts. We review some well-known facts about harmonic maps, extended 
solutions, and their Grassmannian models; our main references are [22j . |12j and [4j. 
From now on, M will denote a Riemann surface, and G will denote U(n) or a compact 
Lie subgroup of U(n), equipped with the natural bi-invariant metric from U(n). All maps 
and sections are assumed smooth unless otherwise stated. For any complex vector space 
V , we denote by V_ the trivial bundle M x V over M 

For any map ip : M ^ G, we define a 1-form with values in the Lie algebra g of G as 
half the pull-back of the Maurer-Cartan form, i.e.. A'-'' = ^ip~^dip. 

Let U(n) act on C" in the standard way. Then = d-\-A'^ defines a unitary connection 
on the trivial bundle C*^. We decompose and into types: to do this, for convenience 
we take a local complex coordinate z on an open set U of M and write dip = ipzdz + (pzdz, 
A = Atdz + dz, = Dfdz + D^dz, = d/dz and 9j = d/dz- then 

^r = ^^-V., ^| = ^^-V.-, Dt = dz + At, Dt = d, + At. 

The (Koszul-Malgrange) holomorphic structure induced by (p is the unique holomorphic 
structure on C" with 5-operator given locally by D^; we denote the resulting holomorphic 
vector bundle by (C",-D|'). If (p is constant, = d^, giving C" the standard (product) 
holomorphic structure. Now [22 j a map (/? : M — )• G is harmonic if and only if Af is 
a holomorphic endomorphism of the holomorphic vector bundle (C",D|'). In particular 
its image and kernel form holomorphic subbundles of {C",Dg), defined away from the 
discrete subset of M where the rank of Az drops; it is clear that these subbundles are 
independent of the local complex coordinate z. By 'filling out zeros' as in [BJ Proposition 
2.2], these image and kernel subbundles can be extended to holomorphic subbundles over 
the whole of M, which we shall denote by ImAz and ker^^, respectively. 
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Let g*^ denote the complexified Lie algebra q<^C 

Definition 3.1. A smooth map $ : M — )• ^IG is said to be an extended solution if, with 
respect to any local holomorphic coordinate z on U C M, we have 

$-1$, = (1 - A-i)A, 

for some map A : U ^ Q^. 

For any map <I> : M and A G 5\ we define : M ^ G by ^x{p) = $(p)(A) 

{p G M). If $ : M — )• 0,G is an extended solution, the map ip = <I>_i : M — )• G is harmonic 
and ip~^ip2 = 2 A, so that A = A^. 

Conversely, given a harmonic map : M — )• G, an extended solution <I> : M — )■ QG 
satisfying 

$-1$^ = (1 - A-i)A^ 

is said to be associated to ip. In this case, 93 = g^-i for some g £ G. Extended solutions 
always exist locally; they exist globally if the domain M is simply-connected, for example 
if M = S'^. Further, uniqueness is achieved by specifying an initial value ^{zq) G Q,G for 
some zq G M. Note that any two extended solutions <^ associated to the same map ip 
differ by a loop, i.e., $ = 7$ for some 7 G ilG. 

For any iV G N, let G*(C''^) denote the Grassmannian of subspaces of C^; thus G*(C^) 
is the disjoint union of the complex Grassmannians Gfc(C^) for k G {0, 1, . . . , A^}. We shall 
frequently identify a map W : M ^ Gfc(C^) with the rank k subbundle of = M x C-^ 
whose fibre at p G M is W{p); we denote this subbundle also by W (not underlining, in 
contrast to [H |Tl] ) . 

For a smooth map <I) : M — > OU(n), set = : M — ^ Gr. It is easy to see that ^> 
is an extended solution if and only if W satisfies the two conditions: 

(3.1) (a) d,aer{w), (b) Xd,aer{w) {aer{W)); 

here r(-) denotes the space of smooth sections of a vector bundle. Condition (a) says that 
is a holomorphic subbundle of the trivial holomorphic bundle 2L = (M x T-Ljdz), and 
condition (b) says that it is closed under the operator F : T{2£) — r(2i) given by 

(3.2) F = Xd,, i.e., F{a) = Xd,a {aer{n)). 

Conversely, if ly : M — )• Gr is a map satisfying conditions (j3.ip . then W = ^2L+ foi' 
some extended solution $ : M — )• i}\J{n). We shall therefore call both W and ^ extended 
solutions; we shall also refer to W as the Grassmannian model of 

An extended solution is called algebraic if it has a finite Laurent expansion <I> = 
ELs ^'"^k where r > s are integers and the Tk : M ^ Q^n, C) are smooth maps. An ar- 
gument of Uhlenbeck j221 Theorem 11.5] shows that, if M is compact and ip : M ^ U(n) 
admits an associated extended solution, then it has an algebraic associated extended so- 
lution Indeed, fix a base point zq G M; then the extended solution satisfying the initial 
condition (^\[zq) = I (AG S^) is algebraic, see [171 Theorem 4.2] where this is extended 
to pluriharmonic maps. In particular, any harmonic map ip : S"^ ^ U(n) has an algebraic 
associated extended solution. 

There is a one-to-one correspondence between algebraic extended solutions $ and ex- 
tended solutions W satisfying A'"2i+ <Z W C. A*2i+ for some integers r > s (which 
depend on W). Note that we can think of as a subbundle of the trivial bundle 
M X (A*2i-(-/A''H_|_), and this may be canonically identified with the trivial holomorphic 
bundle d''-")" = (M X C^'-")",^^). 

Let 99 : M — )• U(n) be a harmonic map. Then a subbundle a of C" is said to be a 
uniton for (p if it is 
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(i) holomorphic with respect to the Koszul-Malgrange holomorphic structure induced 
by i.e., Dt{<j) e r(a) {a G r(a)); 

(ii) closed under the endomorphism A^, i.e., A^{a) G r(a) {a € r(Q)). 

Let : M — 7- U(n) be a harmonic map. Uhlenbeck showed [22] that if a subbundle 
a C C" is a uniton for tp then ^ = (/^(Tra — vr^) is harmonic. 

Example 3.2. Any holomorphic subbundle of (C"',D|') contained in ker^f is a uniton 
for (/?; we call such a uniton 6aszc. Any holomorphic subbundle of (C",-D|') containing 
Imj4f is also a uniton; following Piette and Zakrzewski, see [2^, we call such a uniton 
antihasic. 

Example 3.3. It is well known (see that any connected compact inner symmetric 
space can be immersed in a Lie group G as a component of y/e = {g £ G : = e}, 
and the immersion is totally geodesic. For example, when G = U(n), then y/e = {g £ 
G : 5^ = e} is the disjoint union G*(C"') of the complex Grassmannians Ga;(C"') for 
A; G {0, 1, . . . , n}, and we have the totally geodesic Cartan embedding 

(3.3) t : G*(C") U(n), l{V) = iry - tt^? . 

Note that (-{V'^) = —l{V); however, we shall normally write t{V) simply as V. 

Let (f : M ^ G*(C") be a smooth map and a a subbundle of C", Then (22], ^ = 
^{t^o — ) has image in a Grassmannian if and only if tTq, commutes with n^, and this 
holds if and only if a is the direct sum of subbundles /? and j of (p and tf^ , in which case 

[p = if 

An important special case is when j3 = ip and 7 = Im^f |(^, in which case a is a uniton 
and ip is called the d' -Gauss transform G'{ip) of 99; see [6j for another description. 

We say that pD is of finite uniton number if, for some r G N, we can write it as 

(3-4) 9? = V'oCTTai - vr^J • • • (vTa, - vr^J 

where p>Q G U(n) is constant, and each Oj is a uniton for the partial product 

(3-5) p>i-^i = ¥'o(vr„i - vr^J • • • {T^a,.^ - vr^-^.J • 

The minimum value of r for which ()3.4|) holds is called the (minimal) uniton number of 
ip. Uhlenbeck showed that any harmonic map from a compact Riemann surface to U(n) 
which admits an associated extended solution, in particular, any harmonic map from S"^ 
to U(n), has finite (minimal) uniton number at most n — 1. 

Now suppose that <I> is any extended solution associated to ip, then Uhlenbeck showed 
further that a is a uniton for if if and only if $ = ^{Tra + Xtt^) is also an extended solution 
(associated to ^ = (^9(71^ — vr^) ). We shall therefore also say that a is a uniton for 

Definition 3.4. Let <I> : M — )• i7U(n) be a polynomial extended solution. By a uniton 
factorization of $ we mean a product 

(3.6) $ = {iTa, + A<) • • • (tt,,, + A<), 

where each ai is a uniton for ^i-i = (vr^j + Avr^J • • • (vTq.- -^ + Avr^. J. 

Note that, if p) is given by (13. 4p . then ()3.6p is an extended solution for it; in fact, for 
each i, the map is an extended solution for (13. 5p . 

Set W = ^7i+ . Then a uniton factorization of ^ is equivalent to a X-filtration (Wi) 
of W with each Wi an extended solution, the equivalence is given by Wi = $j2i_|_ . From 
now on, by a X-filtration of an extended solution W, we shall mean a A-filtration (Wi) by 
subbundles of C" where each subbundle Wi in the filtration is an extended solution. That 
such filtrations exist is shown by the following example. 
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Example 3.5. Given an extended solution W : M ^ Gr^, all the subbundles Wf = 
W + A*2i+ and = X'^W n 2i+ in the Segal and Uhlenbeck filtrations (IZTTD . (1^121) 
of W are extended solutions, and the corresponding subbundles ctj are unitons, which we 
call the Segal and Uhlenbeck unitons, respectively. Denoting these by /3j and 7^, we call 
the factorizations in (j2.17p the Segal and Uhlenbeck factorizations. 
For a different type of factorization, see Example 14.71 

It follows that any polynomial extended solution $ has a factorization into unitons, 
thus a harmonic map 99 from a Riemann surface to \J{n) is of finite uniton number if 
and only if it has a polynomial associated extended solution. As above, this holds when 
M = 5"^, or when M is compact and 99 admits some (not necessarily algebraic) associated 
extended solution. 

Remark 3.6. If (p has finite uniton number, then any associated extended solution $ 
which satisfies an initial condition ^{zq) = Q for some zq G M and Q £ f^aigU(n) is 
algebraic. Indeed, by hypothesis, ip admits a polynomial associated extended solution ^, 
and the associated extended solution $ with ^{zq) = Q is given by <I> = Q^{zo)~^^, 
which is manifestly algebraic. 

Note that all the algebraic formulae of Section [2] for filtrations and their associated 
factorizations apply to A-filtrations of an extended solution, with the subbundles Oi now 
unitons. In particular, the formulae for the Segal and Uhlenbeck unitons in Proposition 
12.81 give these as ker(r?) and Im(S'Q), respectively; the next lemma ensures that these are 
well-defined after filling out zeros. 

Lemma 3.7. [T6| Let <I> : M — t- ^IG be an extended solution given by ()2.13p . Then 

(i) T? is a holomorphic endomorphism from (C^jD^) to (C",^^); 

(ii) Sq is a holomorphic endomorphism from (C",5f) to (C",I?|'). □ 

Example 3.8. Let $ : M — t- r2rU(n) be an extended solution and consider the map 
^ = : M ^ J7rU(n) obtained by applying the involution of Remark 12.71 This is 
easily seen to be an extended solution associated to the harmonic map Tp where (p = . 
A uniton factorization ()3.6p of $ into is equivalent to the factorization ^ = (vr^^ + 
'^'""il) ■ ■ ■ ('''"/Sr + where /3j = a^. If the factorization of ^ is Segal (resp. Uhlenbeck) 

then the factorization of ^ is Uhlenbeck (resp. Segal). 

3.2. Correspondence of operators under extended solutions. As usual, let ^ : 
M — )• J7U(n) be an extended solution associated to a harmonic map ip and W = 
its Grassmannian model. Note that ^> gives a linear bundle-isomorphism from 2i+ to W, 
and this induces a linear isomorphism between the spaces of sections T(2£^) and r(l/F) 
which we continue to denote by <I>. 

Consider the following three operators on r(H^): (i) A induced by the linear map 
W ^ W, w t-^ Xw, (ii) dz defined by a H> dza [a G r{W)), and (iii) F = Xdz defined 
by (T I— )• XdzO- (o" G r(VF)) as in (|3.2p . In the next result, we see how these give rise to 
operators on T(Ti+)- 

Proposition 3.9. Under the isomorphism <I>, the operators X, dg and F on T(W) corre- 
spond to the following operators on r(2i^_) : 

(i) $-ioAo$ = A;, (ii) <!>-^odzO<^ = - XA^ ; (iii) <!>-^ oFo<^ = XD^ - . 
In particular, the three operators induce the following operators on r(C"') : 

(i) Poo^-^oXo<^ = 0- (ii) Poo<^-^odzO^ = ; (ui) Pqo^-^oFo^ = -At . 
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Proof, (i) is trivial, (ii) For a section / G r(2i_^) we have 

($-1 o d, o c^)(/) = <i>-\{d,^){f) + <l>{d-J)) = d,<l>)if) + d-J 

= il-X)Atf + d-J = Dtf-XAtf. 
(iii) is similar. □ 

Note that (ii) (and (iii)) express the well-known fact that $ gauges the flat connection 
induced by <I>a to the standard connection. 

Corollary 3.10. Let (Wi) be a X-filtration of W. Then the map Pq o ^r^ : {Wi,d2) 
(C", Dp) is holomorphic and sends (i) Wi onto C" with kernel XWi ; (ii) XWi-i onto af- 
with kernel XWi ; (hi) Wj+i onto Oj+i with kernel XWi. 

The corollary is illustrated by the following diagram, where all the vertical maps are 
surjections. 

XWi C XWi-i C Wi D Wi+i D XWi 



C ai C C" D a-i+i D 

Proof. Holomorphicity follows from Proposition I3.9l fiii): the rest follows from (|2.6p and 
Corollary El^i). □ 

Lemma 3.11. Let W = : M — ^ Gri and Wi-i = <^>j_i?^+ : M Grj_i be extended 
solutions and let (fi-i be a harmonic map with associated extended solution ^i-i. Suppose 
that <I> = <I>j_i(7ra + Avr^) for some uniton a for ipi-i. Then 

(i) FW C XWi-i if and only if a is a basic uniton for (pi-i ; 

(ii) FWi^i C W if and only if a is an antibasic uniton for ifi^i- 

Proof. Part (i) follows from the fact that ^^}^F^n+ C XUj^ if and only if At'~\a) = 0, 
and (ii) from the fact that (^^}^F(^i_{H+ <Za + X%_^ if and only if lmAt'~^ C a. □ 

The last result is illustrated by the following two commutative diagrams: 
T{W) — ^ T{XWi-i) T{Wi.i) — ^ T{W) 



^^-r- m r(c") r(a) 

where the vertical arrows are given by Pq o (<I>j_i)~^ and are surjective. 

Proposition 3.12. Let W = <I>^+ : M — )• Gr^ be an extended solution. Define Wf_i = 
^f_{H+ and Wy_^ = ^^_{H+ by the Segal and Uhlenbeck steps: Wf_^ = W + X'-^n+ 
and Wfi^ = {X~'^W) nK+ , respectively, so that ^> = ^>f_i(7r;3 + Avr^) = ^'•^i(vr^ + ATr;^^) 
for some unitons (3 and 7. Then (3 is antibasic and 7 is basic. 

Proof. We have FW C Wr\X'H^ = X{X-^W r\'H^) = XWlLi, and FW^_^ C W + X^U^ = 
W. The proposition now follows from Lemma |3.11[ □ 
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3.3. S -invariant harmonic maps and superhorizontal sequences. An important 
special case of the above constructions is when the unitons are nested. We saw in §2.31 
that, algebraically, this corresponds to maps $ invariant under the 5^-action. In fact, the 
sequence of Segal unitons has the following property. 

Definition 3.13. Let = 6o C 6i C • • • C 5r C 6r+i = C"' be a nested sequence of 
subbundles of a trivial bundle C'^ = M x C". Say that the sequence is superhorizontal if 

(i) each subbundle is holomorphic with respect to the standard complex structure, 
i.e., dza £ r(<5i) for all i and a £ r((5j); 

(ii) the operator maps smooth sections of 6i into sections of 6i+i, i.e., dza G T{6i+i) 
for all i and a G T{5i). 

A superhorizontal sequence is equivalent to a superhorizontal holomorphic map from 
M to a flag manifold of U(n), see [5, Chapter 4]. Write Q = H (i = 0, . . . ,r), 

so that the Q are orthogonal and have sum C". The next result follows from Proposition 
12.101 (ii) and (iii) and is essentially known. 

Proposition 3.14. Let <I> : M — )■ Q,r^{n) be an -invariant polynomial extended solu- 
tion; and write ip = ^^i. Let 5i,. . . ,5r be the corresponding Segal unitons. Then 

(i) the sequence = (5o C (5i C • • • C (5r C dr+i = C" is superhorizontal; 

(ii) the Uhlenbeck unitons satisfy ji = 6r+i-i ; 

(iii) (f maps into a Grassmannian, and is given by 

lr/2] 

(3.7) ^ = ^ C2fc = Co e C2 e . . . . 

fc=o n 

Example 3.15. (i) Any harmonic map (p of uniton number r = 2 to a complex Grassman- 
nian is S*^ -invariant, it suffices to observe that PiW = Pi{W H X'H_^^) . In fact, = 5i©5^ 
is a mixed pair in the sense of [6, §3.4], and ip-^ = 6i (162 is strongly isotropic in the sense 
of [To]. All harmonic maps from 5^ to CP"~^ are strongly isotropic. In general, (j3.7p 
expresses if or its orthogonal complement as the sum of strongly isotropic harmonic maps 

(h) Let / : M CP""^ be a fuh holomorphic map, then setting Si = gives a 

superhorizontal sequence with rank^Si) = i. 

Example 3.16. Let $ : M — )• J7.rU(n) be an extended solution and write W = . 
Set 6i+i = Pi{W n X'n_^) = Po{X-'W nn+) (z = O, . . . ,r) , so that Si C 6i+i. Then the 
sequence {5i) is superhorizontal. Set = X]I=o ^'^i+i + ^'^+ and define : M ^ 
U,r\^{n) by = ^>'^2i+ • Then is an 5^-invariant extended solution with Segal unitons 
5i. 

Now there is an action of C \ {0} on extended solutions W = which we write as 

^i-^s-^otWi-^s-W {s eC \ {0}) given by {s ■ W)x = Wx^; when s e S^, this is the 
S'l-action of Ass^O,W tends to W°; thus, for any extended solution W = ^T-L+ , 
s s ■ ^ (s E (0, 1]) gives a deformation of $ through extended solutions; as s — )• 0, this 
tends to the -invariant extended solution <I>'^; we shall call and the -invariant 
limit of W and ^. For the action of C \ {0} on the loop group of an arbitrary compact 
Lie group, see [4i §2]. 

3.4. Normalized extended solutions. In the sequel, for subspaces A, B of an inner 
product space with i? C j4, we write A Q B for A n B^. Note that A Q B can be 
canonically identified with the quotient space A/B. 



FILTRATIONS, FACTORIZATIONS AND HARMONIC MAPS 



13 



Let $ : M — ^ $7rU(n) be an extended solution and set W = $7^+ : M Gr^. The 
inner product on 2i+ restricts to ones on W and W QXW . On giving W/XW the quotient 
inner product, the natural isomorphism W Q XW — t- W/XW is an isometry. 

Consider the filtration 

w z)Wr\ xn^ DWn x^n+ d • • • d n x'n^ dwh x'+^n^ . 

On applying the natural projection it : W ^ W/ XW, this induces a filtration: W / XW = 
YqDYiD DYrD Yr+i = where % = Tr{W H X%+) = {W H X%^ + XW) / {XW) ^ 
{W n A*2i+)/ {XW n A*2i+), or, equivalently, an orthogonal decomposition: 

(3.8) WQXW^ W/XW = Aq® Ai®---® Ar 

where Ai = Yi® Y,+i ^ {w r\ x^n+) /{XW n x%^ + wn y+^n+). 

Note that Ai = 6i+i/6i; indeed, the composition of natural projections Pi : WriX'^Ti+ ~^ 
Pi{WnXm+) Pi{WnX'n+)/Pi-i{WnX'-^n_^) = 6i+i/6i is surjective and has kernel 
XW n X'n^ + Wn X'+^n^ . in particular, 

r 

(3.9) ^rank^i=n 

1=0 

Recall that, if W is extended solution, then for any loop 7 E ilU(n), then 'jW is another 
extended solution, which is equivalent to W in the sense that it is associated to the same 
harmonic maps. We next discuss when this change can be used to reduce the degree of 
W. 

Lemma 3.17. Let W : M ^ Gr^ he an extended solution. 

(i) Suppose that 6i is constant for some i. Define rj G iliU(n) by rj = vr^. + Att^. Then 
r]~^W : M Gvr-i . 

(ii) If Ai = 0, equivalently, the Segal unitons Pi of W satisfy rank /3i = rank/3j+i, then 
5i is constant. 

Proof (i) Write W = 7]-^W] we must show that X^'-^U^ C W C . Now P-iW = 
vTciPgW^ = ^(S-Lf^i = since 61 C 6i, hence W C 2i+ • 

i i 

Further, since W D X^'^Sr + X'^2£+ and 5i C 6r, we have 

Pr-lW D Pr-l {{tTs^ + X~^7Tl){X^-^6r + A'K+)) = 5i + 5^ = C", 

hence X''-^U+ C W. 

(ii) Ai = is equivalent to 5i = 6i+i. This implies that 6i is dz- and 9f-closed, so 
constant. Lastly, note that rankJj = rank/3j . □ 

Let W = $^4.. We say that W (and ^) are normalized ii Ai ^ for all i = 0, . . . , r, 
cf. [U Theorem 4.5]. By iterating the above reduction process, we can normalize a given 
extended solution, as follows, with (ii) following from (j3.9p . 

Proposition 3.18. (i) Given an extended solution W : M ^ Gr^, there exists an integer 
s with < s < r and 7 G Q.j—s^{'n) such that j~^W : M — >• Gvg is normalized with no 6i 

constant. 

(ii) Any normalized solution W : M ^ Gvg has s <n — \. □ 

Remark 3.19. Let W E Gr^ {r > 0) be an extended solution with Segal unitons /3j . 
Suppose that (i) /3i is full and /3r / C". Then the ranks of the /3i are strictly increasing 
(equivalently, the ranks of the Uhlenbeck unitons are strictly decreasing) , otherwise some 
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(5j would be constant and (3i = 6i would be contained in that 6i contradicting fullness. 
Hence W is normalized. 

In particular, a polynomial extended solution <I> : M — )• nr^{n) is said to be of type one 
if Si is full; if the degree of ^ is exactly r then /3r 7^ C". Uhlenbeck proved [22j that any 
harmonic map ip : M ^ U(n) of finite uniton number has a unique type one associated 
polynomial extended solution and its degree equals the minimal uniton number of ip. 
The conditions (i) above are met so that the corresponding W = <I>'H+ is normalized. 

4. Explicit formulae for harmonic maps and the Iwasawa decomposition 

4.1. Explicit formulae for harmonic maps. As in [llj, we describe holomorphic sub- 
bundles of the trivial bundle = (Af x C", dg) by meromorphic functions as follows. By 
a meromorphic spanning set of a holomorphic bundle E of rank k we mean a collection 
{L^} of meromorphic sections of E which spans the fibres of E except on a discrete set. 
If, further, the set {L^} is linearly independent except on a (possibly bigger) discrete set, 
then as in [71 §7] we call it a meromorphic frame for E. The following is well known; for 
clarity we give a proof. 

Lemma 4.1. (i) Any holomorphic subbundle E of the trivial holomorphic bundle has 
a meromorphic frame {Lj : j = 1, . . . ,k} with k = rank(£'). 

(ii) Given any finite collection {Lj} of meromorphic sections of , there is a unique 
holomorphic subbundle with meromorphic spanning set {Lj}, which we denote by span{Lj} . 

Proof, (i) Recall that E defines a holomorphic map E : M ^ Gfc(C^). The Grassmannian 
Gfc(C^) has standard chart U C^N-k) ^ Mk,N-k{C) given by mapping the row span 
of the kx N matrix A = [lk\A^ to A; here denotes the kxk identity matrix. Permuting 
the columns gives the standard atlas of charts with rational transition functions. Choose a 
chart whose domain intersects the image of E ; without loss of generality, we may assume 
that this is the standard chart above. Now, the composition of this chart with the map 
E is holomorphic except on the discrete set D = E~^ (^Gk{C^) \ U). Set the Lj equal to 

the rows oi Ao E. Since the transition functions are rational, the Lj give a meromorphic 
frame for E. 

(ii) Away from the discrete set where one or more of the Lj has a pole, or the rank of 
the span of the Lj is less than its maximal value, we obtain a holomorphic bundle; it is 
clear that we can fill in holes to extend it to the whole of M. □ 

As before, let G*(C^) denote the Grassmannian of all subspaces of C-^. 

Definition 4.2. Let X be a holomorphic map from M to G*(C^), equivalently, a holo- 
morphic subbundle of C^. For z G N, the i'th osculating subbundle of X is the subbun- 
dle of spanned by the local holomorphic sections L oi X and their derivatives 
L, L^^\ . . . , L^*) with respect to any complex coordinate on M of order up to i. The cor- 
responding map : M — )• G^{Hj^/ X''%j^) = G*(C^'") is called the the i'th associated 
curve of X. 

Let W : M ^ Gr^ be an extended solution; thus W = for some extended solution 
$ : M — )• rirU(n). Guest [13] noted that all such W are given by taking an arbitrary holo- 
morphic map X : M ^ G^{Ti+/X^Ti+) = G*(C'""), equivalently, holomorphic subbundle 
X of (€''",^2), and setting W equal to the coset 

(4.1) W = X + AX(i) + A2X(2) + • • • + y-^X^r-i) + A"2i+ 

We shall say that X generates W. 
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To find our explicit formulae, choose a meromorphic spanning set {U} for the sub- 
bundle X of C"^ Then, since X^'+^U^ C XW, the set {X''{Uj''^ : < k < r} gives 
a meromorphic spanning set for W mod XW, by which we mean that the X''{Uf^ are 
meromorphic sections of W whose cosets span W/ XW. 

From Corollary 12.5 1 given a A-filtration (Wi) of W, the unitons are given explicitly by 
(12. 6p . or equivalently (I2.10p . furthermore by Corollary 13. 101 given a meromorphic spanning 
set of each Wi , (12. 6p and (I2.10p give meromorphic spanning sets for each . If we now 
specify how to get a meromorphic spanning set for Wi from one for W, this leads to explicit 
formulae for the unitons, and so for the extended solution <I> . Since PQ^^\{XWi-i) = 0, 
it suffices to know a spanning set for Wi mod XWi-i. Note that XWi-i D X'^2£+ ■ 

We first see how this works for the Segal filtration. 

Example 4.3. Let W : M ^ Gr^ be an extended solution. For the Segal filtration (j2.1ip . 
formulae ()2.6p and (j2.10p simplify to the following formulae for the Segal unitons: 

i-l 

(4.2) Pi = Po^r-i^^ = ^o^-\ {W + X%^) = Pq^t\W = Si'^PsW. 

s=0 

More explicitly, let X be a holomorphic bundle generating W as in (|4.ip . Choose a 
meromorphic spanning set {U] of X. Then, from the above, {A^(LJ)(*=) : < /c < r - 1} 
(note the r — 1) gives a meromorphic spanning set of W mod {XW + A^2i+) • For every 
i, J, write PiU = Lj so that U = - X^Lj . Note that = for i < and for i > r so 
that iJ = X^^Zg A*-Lj. Then the formula ()4.2p becomes 

i-1 

(4.3) ft = span{^ Sr^L^^.J^^^) : 0<k<i-l]. 

s=0 

Note that the sum can be taken from s = k; this is then the formula in |1H Proposition 
4.4]; it gives the first three unitons as: 

/3i = span{L^} ; ft = span{7r„^L^ + 7r^^L\ , vr^^ {L^f^'^} ; 
ft = span{7r„2 7r„^L^ + (Tr^jTr^^ + tt^tt^JLI + tt^^t^^^L^ , 

As shown in [111 Lemma 4.2], the linear transformation E : 2i+ — ^ 2i+ > given by 
H = ^'Hi ^ L = Y, >^'Li where 

(4.4) ^i = EC)^^ (^e^) 
converts ()4.2p to the formula in [IL, Theorem 1.1]: 

i-1 

(4.5) ft = span{^ Cl~\Hi_^f^ : < A; < i - l} 

s=k 

where Ct = El<^,<■■■<i,<i ^ft^ " " " ■ 

These formulae give all harmonic maps of finite uniton number from any Riemann 
surface M to U(n) as follows. For any integer r G {0, 1, . . . ,n — 1}, choose an arbitrary 
r xn matrix (L^)o<i<r-i, i<j<n or (///)o<i<r-i, i<j<n of meromorphic sections of C" and 
an arbitrary element (po G U(n), compute the ft for i = 1,2,... ,r from ()4.3p or ()4.5p : 
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then compute (p from (j3.4p : an associated extended solution <I> is given by (j3.6p . This 
gives ah harmonic maps and associated extended solutions of finite uniton number at 
most r explicitly in terms of arbitrary meromorphic functions on M using only algebraic 
operations. 

More generally, we can use a mixture of Segal and Uhlenbeck steps to get new formulae, 
as follows. Let L be a meromorphic section of %_y_ . By the order o{L) of L we mean 
the least i such that PjL 7^ 0; equivalently, L = \°^^^L for some L = ^j>o with Lq 
non-zero. 

Proposition 4.4. Let W : M ^ Grj. he an extended solution. Suppose that X generates 
W as in ()4.ip . Let {L^} he a meromorphic spanning set for X; denote the order of L? hy 
o{j). Let Wi he ohtained from W hy u Uhlenheck steps and r — i — u Segal steps, in any 
order. Then 

i-1 

(4.6) a, = span{^Sr'(L^^_,^j(^) : Q < o{j) + k - n < i - l] 

s=0 j_l 

+ span{Y, Sl-HUf^ ■■ o{j) + k-u<0]. 

s=0 

Proof. We have 

i-1 

a, = Po^r\Wi = Si-^Ps{W^) where Wi = X'^'W n 2i+ + X'H^ . 

s=0 

Now, a meromorphic spanning set for mod A''2i+ is {A^(-L-^)*-'^^ : k < i < r — l — o{j)}, 
hence a meromorphic spanning set for W PI A"2i+ mod X{W D A"2i+) + ^''1L+ is 

{X''{L^f^ : u<o{j) + k<r-l}U{X''-"^^\L^f'> : o{j) + k<u}. 
It follows that a meromorphic spanning set for Wi = X~^W mod XWi + X^Hj^ is 

{Xk-n^j^j-jk) . Q<o{3) + k-u<i-l]U{X-°^^\Vf^ : o{j) + k-u<^}. 
On noting that X~°^^\L^f^^ = {L'j)^^\ the proposition follows. □ 

Example 4.5. (i) If we do alternate Uhlenbeck and Segal steps, we obtain the alternating 
filtration with associated alternating factorization. This will be important in the real case 
(Section [6l The unitons are given by (j4.6p with u = [{r — i + l)/2], if we start with an 
Uhlenbeck step, or n = [(r — ^)/2], if we start with a Segal step, 
(ii) If we do no Uhlenbeck steps, (j4.6p reduces to (j4.2p . 

We now consider the other extreme case where we do only Uhlenbeck steps. 

Example 4.6. Let W : M ^ Grr be an extended solution. If we take the Uhlenbeck 
filtration, then u = r — i, so that (j4.6p reduces to the following formula for the Uhlenbeck 
unitons: 

i-1 

(4.7) 7i = span{ J] Sl'^Lif^^ : o{j) + k<r-i}. 

Now set L = E{H) where E : 2i+ — ^ 2i+ is defined by (14. 4[) . Then, by the same 
calculations as in |1H Lemma 4.2], the last formula can be written 

i-1 

(4.8) 7^ = span{ Ct\HlP : o{j) + k<r-i], 

s=0 
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which is equivalent to the formulae in |7]. As a specific example, suppose that r = 3 and 
that X is spanned by = Lg + \L\ + \^L\ and = A^Lg. Then the formula (|4.8p gives 

71 = span{^g2 , {Hlf) : k<2], 72 = span{(i/if ) + vr^ {HD^^^ : k<l], 

73 = span{i7g^ + (vr^^ + Tr^)^?! + vr^vr^^^^l} • 

These are the formulae of [71 Example 9.4]. 

There are many other methods of factorization for which we can give explicit formulae, 
we mention just one. 

Example 4.7. Let W C 2i+ be an extended solution. For i = 0,1,2,..., let 
denote the i'th osculating subbundle of W (Definition 14. 2p . From (13. ip . it follows that 
W ^ W = T^(i) is a A-step (see (|2.2p ). which we shall call a Gauss step, and each T^(j) 
is an extended solution. Suppose that PqW is full; this is the case if <1> is the type one 
extended solution associated to a harmonic map of finite uniton number. Then there is 
some r <n such that (PoW^)(r) = but (PoW^)(r-i) / C"; it follows that W(^r) = K+ ■ 

For i = 0, 1, . . . , r, set Wj = W^^^.j). Then (Wi) is a A-filtration by extended solutions. 
In particular, <1> has finite uniton number at most r; however, the uniton number may 
actually be less than r, see below. 

We identify the corresponding unitons a^. Prom Corollary I2.4( i) we have that af- = 
Po^~^XWi-i = Po^j"^A(VFi)(i) . Now A(Wi)(i) = XWi + FWi, so, on using Proposition 
13.91 we obtain 

The resulting factorization (j3.4p is the factorization by Az-images considered by the 
second author [24]; for maps into Grassmannians, it is the analogue of the factorization 
by Gauss transforms in [23J. In fact, given a harmonic map ip : M ^ G^{C"'), define its 
i'th d' -Gauss transform G^'\(p) iteratively by G(o)((^) = (p and G^'\ip) = G' {G^'~^\(p)) 
so that G^^\(p) is the 5'-Gauss transform G'{ip) (see Example 13. 3p . Then, if $ is the type 
one extended solution associated to a non-constant harmonic map ip : S"^ ^ CP", then 
the r above may be anything between 1 and n, and <pi is the (r — z)th 9'-Gauss transform 
of ip, whereas the uniton number of ip is one if it is holomorphic or antiholomorphic, or 
two if it is not. 

We can give explicit formulae for the unitons in the factorization by Az-vavages of a 
polynomial extended solution W in terms of a meromorphic spanning set {U) of a sub- 
bundle X which generates W . Indeed, Wi has a meromorphic spanning set {A'^(LJ)(^'+^) : 
/c, £ G N, < o(i) + k<i-l, 0<£<r-i} mod XWi + Xn^ , so that Corohary [231 
gives 

i-l 

(4.9) tti = sp&n{'^Si-\Li^J''+^^ : G N, < o(j) + k < i - 1, < i < r - i) . 

s=k 

4.2. Complex extended solutions and an explicit Iwasawa factorization. For a 

compact Lie subgroup G of U(n) with complexification C^, let AG'^ = {j : ^ G^ : 
7 is smooth}. With notation as in [4j, let A^G^ (resp. A*G*^) denote the subgroup of AG'^ 
consisting of maps S*^ — )• G which extend holomorphically to the region {AsC : ]A]<1} 
(resp. {A E C : < ]A] < 1}). Then, by a complex extended solution ^ : [/ — )• AG'^, we 
mean a holomorphic map U — )• A*^^ on an open subset of M which satisfies A'l'^^^'^ G 
A+g'^ where A+g*^ is the Lie algebra of A"*"G'^. 

Let D he a discrete subset of M and let ^ : M \ — )• AG^ be a holomorphic map 
which extends to a meromorphic map ^ : M — )■ A0[(n, C). Set W = ^iL+ on M \ L>; 



18 



MARTIN SVENSSON AND JOHN C. WOOD 



by filling out zeros, W extends to a holomorphic subbundle oi% = M x T-L. Then W is 
an extended solution on M if and only if is a complex extended solution on M \ D. 
Explicitly, denote the columns of ^ by {Fi, . . . , Fn}; these give a meromorphic basis for 
W mod XW. Conversely, given such a basis, let D be the discrete set of points where 
one of the Fi has a pole or the span of the Fi has dimension less than n, and set ^ equal 
to the matrix with columns Fi . 

Denote by AaigG'^ and ^^igG'^ the subsets of those loops A i— ?■ 7(A) in AC^ and A+C^ 
given by finite Laurent series and polynomials in A, respectively, and recall the Iwasawa 
decomposition [19]: 

where OaigG H ^^i^G'^ = {e}; this says that any 7 G A^igC^ can be written uniquely as 
7 = 7«7+ where 7^ S f^aigG and 7+ G Aj^j^G^. A purely algebraic formulation of the 
following was given in [Tl] ; here we give a version for our meromorphic complex extended 
solutions. 

Theorem 4.8. Let ^ : M\D ^ A^igG^ he a complex extended solution which extends to 
a meromorphic map ^ : M — t- Ag[(n,C). Set <I> = on M \ D. Then $ extends to an 
extended solution on M and is given explicitly by algebraic formulae in the entries of ^ 
as follows: the columns of ^ give a meromorphic basis for W mod XW; use (j4.3p . (j4.6p . 
(|4.7p or (j4.7p to obtain unitons Ui, then $ is given by the product (j2.9p . 

If ^ is polynomial in X, then this gives <I> polynomial of the same or lesser degree. 

Proof. We need only note that, as above, W = ^>?^+ extends to a holomorphic subbundle 
over M. □ 



5. Maps into complex Grassmannians 

5.1. Harmonic maps into complex Grassmannians. Recall the Cartan embedding 
()3.3p of the Grassmannian G*(C") in U(n). 

Consider the involution u on r2U(n) given by v{'q){X) = r/(— A)r/(— 1)^^ and set 

For any i S N, the map u restricts to an involution on r2jU(n) with fixed point set 
OiU(n)^ = QiU(n) n OU(n)^. An extended solution $ : M ^ OU(n) lies in OU(n)^ if 
and only if it it is invariant under z/, i.e., 

(5.1) $A^-l = ^-A (AG5I). 

Clearly, if an extended solution ^ satisfies this condition, the harmonic map 99 = <I>_i 
satisfies ip'^ = I, and so takes values in G*(C"). Conversely, given a harmonic map 
9? : M — )• G*(C") of finite uniton number, there is a polynomial extended solution with 
= ip. Indeed, by ^22i Lemma 15.1], the type one extended solution $ associated to 
if satisfies <I>a = Q^-\^zIQ where Q = vry - vr^ for some V £ G*(C"), and <I>_i = Qip. 
Setting Qx = vry + XiTy, we see that <I>a = Qx^x is a polynomial extended solution which 
has $_i = (p and satisfies (15. Ij) . 

Let I' : 2i+ — ^ 2i+ be the involution induced by A 1— —A; thus if T = X^jTjA* then 
z/(r) = l)*7iA\ This induces the involution : Gr — )• Gr given by Wx 1— )• W-x- 

Under the identification of Q\]{n) with Gr, this corresponds to the involution i' on ilU(n) 
defined above. Denote by Gr'^ the fixed point set of i' : Gr — )• Gr; for any i G N, the 
involution ly restricts to Gri and has fixed point set Gr'j^ = Gr^ n Grj . 

Most of the following is in [22^ Theorem 15.3]. 
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Lemma 5.1. Let <I> : M — )• Q,\J{ny be an extended solution and set W = ^Ti^ : M — )• 
Gr^ . Set <I> = (^{iia + A"^7r^) for some subbundle a of C", and write W = . Then 

(i) W £ Gr^ if and only if tTq, commutes with ^-i, equivalently with <I>_i ; 

(ii) if W is obtained from W by a Segal or Uhlenbeck step ( ^2.^) . or a Gauss step 
(Example \4-7\ ), then condition (i) holds; 

(iii) if W is S"^ -invariant, soisW. I— ' 

Thus any of the factorizations in ^4.11 give sequences of extended harmonic maps $i : 
M nV{ny. 

Conversely, starting with data {L^} where each polynomial has only even or odd 
powers of A, we obtain all harmonic maps into the complex Grassmannian G,,(C") explic- 
itly. 

Let : M — 7- G*(C") C U(n) be a harmonic map of finite uniton number and let 
$ : M — Q,\J{ny be a polynomial extended solution with = ip. Write W = <I>'H+ G 
Gr'^ . Note that v restricts to an isometric involution on W Q XW. Let W± be the 
(ibl)-eigenspaces of u on W. Then the (ibl)-eigenspaces of v on W Q XW are tt{W+) = 
W+ Q {XW)+ and Tr{W-) = W- Q {XW)- , and these are orthogonal complements of each 
other. 

Recall the filtration (1^) of Q XW and resulting orthogonal decomposition ()3.8p . 
Lemma 5.2. 

(5.2) WeXW = C^A2i)(B{Y,A2i-i) 

i i 

is the orthogonal decomposition of W Q XW into the two eigenspaces of v. 

Proof. Let x £ Ai. Then x = 7r(y) for some y £ W r\ A*2i+- Write y = y+ + y_ where 
e W± . Then a; = x+ + x_ where x± = 7r(y±) G tt{W±). 

If i is even, j/_ G VFn A*^^2i+ so that x_ G i^+i. Since x+ is orthogonal to x_, we have 
= (x,x_) = (x+ + x_,x_) = (x_,x_) so that x_ = and x = x+ = iT{y+) G tt{W^). 
Similarly if i is odd, x+ = and x = x_ G ^{W^). □ 

Recall that <I>~^ restricts to an isomorphism from W XW to C^; by ()5.ip . we have a 
commutative diagram: ^ 

wexw 1^ e AH^ 



If = 



1 



so that the involution i/ on W Q XW corresponds to the involution $_i = tp = — vr^ 
on C". Under the isomorphism $ : W Q XW, the decomposition ()5.2p corresponds 

to the orthogonal decomposition: C" = ip (B if^ into the eigenspaces of the involution ip. 

We now show how the reduction procedure of Lemma |3 . 1 71 can be improved for Grass- 
mannian solutions. 



Proposition 5.3. Let W : M ^ Gr^ be an extended solution. Suppose that 6i is constant 
for some i 7^ l,r. Define rj G ^2^{n'Y by rj = tts- + A^vr^; note that rj-i = I. Then 
rj-^W : M Gr';_2 . 



Proof. We have P-2W = vr.xPoW^ = vr.±<5i = since 5i C 5i. Similarly, P^iW = vrf PiW". 

i i ^ 

Since v{W) = W, we have PiW = Pi{W n AK+) = ^2 , so that P-iW = vr^^z = 0. 
Combining these shows that W C . 
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Further since W D ^(^r-i + ^^1^+ and 5i C 5r-i, we have 

Pr-2W D Pr-2{i^s, + A" ^5^) (A^-'<5,_i + X^^K^)} = 6i + 5^ = C". 
Hence y-'^'H+ C W^. □ 

Corollary 5.4. Suppose that W : M ^ Gr^ is an extended solution with Ai = for some 
i ^0,r, then there is rj ^ Q2^{nY with rj^i = I such that rj~^W : M — )■ G'r^„2 ■ ^ 

Note that if = if and only ii W = XW for some W : M ^ Gr';._^ and vl^ = if 
and only ii W £ Gr^_i. 

Corollary 5.5. Let W : M ^ Gr]^ he an extended solution, and let /3i,...,j3r be the 
Segal unitons of W. If rank/3j = rank/3j+i for some i G {1, . . . , r — 1}, then there is an 
rj £ n2^{nY with r]^i = I such that r]-^W : M G Gr'^._2 . □ 

A similar result is true for the Uhlenbeck unitons. 

We may iterate the reduction process of Corollary 15.41 to obtain the following result. 

Proposition 5.6. Given an extended solution W : M ^ Gr^, there exists an integer s 
with < s < r and rj G r2r-sU(n)'^ such that r]~^W : M — t- Gr^ is normalized with 5i 
non-constant for i ^ 0,s. □ 

Corollary 5.7. Let ip : M ^ Gfc(C"') be a harmonic map of finite uniton number. Then 
there is a polynomial extended solution <I> : M — )• Q\J{nY of degree r < 2min{A:,n — k}, 
with <I>_i = zizip. If 2k = n, then <I> can be chosen to have degree r <2k — 1. 

Proof. Without loss of generality, we may assume that k < n — k. Let $ be any algebraic 
extended solution associated to ip. Fix a point zq G M and set Q = $(zo)~^^'. Then, 
clearly, Q is still algebraic. Let '^{zq) = Vq and Q\ = vryg + ATTy^. Then = QQ satisfies 
G_i(2;o) = (/'(^o)) so by uniqueness, 0_i = (p. Furthermore, since Q = Q{zo) G r2U(n)^, 
it follows again by uniqueness that : M — t- Q.\]{nY . Finally, let <I> = A-'©, where j is 
chosen to make ^ is polynomial; denote its degree by r. By the above proposition we may 
assume that W = ^Hj^ is normalized; this implies that r < 2k and, when 2k = n, that 
r<2k-l. □ 

Remark 5.8. (i) The corollary applies to any harmonic map from a compact Riemann 
surface which admits an extended solution since, as noted in ^3.11 this is of finite uniton 
number. Indeed, for any associated extended solution the extended solution = 
^{zq)~^^ satisfies ©(2:0) = I, and so is algebraic by [17] . 

(ii) This bound on the minimal uniton number was originally conjectured by Uhlenbeck 
|22j . and later proved using different methods by Y. Dong and Y. Shen [9]. 

6. Harmonic maps into 0(n), Sp(n) and their inner symmetric spaces 

6.1. Harmonic maps into 0(n). As usual, let M be any Riemann surface. We consider 
0(n) as a subgroup of U(n) and look for uniton factorizations which give harmonic maps 
from M into this subgroup. Note that any based loop in 0(n), and so any extended 
solution, will actually have values in SO(n), i.e., il.O{n) = nSO{n). 

Definition 6.1. Let W G Gr and let z G N. We say that W is real (of degree i) ii 
W G Gri and = A^'W. We denote the set of such W by Grf. 

For i G N, denote by OjU(n)''^ the set of <I> G Q.i\]{n) for which ¥ = A"*<I>. For 
$ G f^U(n) set W = ^n+; then, it is easy to see (cf. |l9l §8.5]) that $ G rJiU(n)^ if and 
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only if W ^ Grf-. If i = 2j, then this condition is equivalent to \& = A being real in 
the usual sense, i.e., S 00 (n), equivalently, 

j 

(6.1) <if = X% with T^i = Ti yi. 

Note that this implies that ^'_i(= ib<l>_i) belongs to 0(n). 
Now let Wi £ Gvi with i > 2. Define Wi-2 G Gri_2 by 

= {X'^Wi n %+) + . 

We see that Wi-2 is obtained from Wi by first doing an Uhlenbeck step and then a Segal 
step; since these two operations commute (see ^2.2p . Wi-2 is equally well obtained from 
Wi by first doing a Segal step and then a Uhlenbeck step. We are primarily interested in 
the real case, where it is the passage from Wi to Wi-2 which interests us. 

Proposition 6.2. (i) // Wi £ Grf, then Wi-2 e Grf_2 . 
(n) Write Wi = ^in+ , Wi-2 = ^i-2'H+ , so that 

for two subspaces a,f3. 

(a) If a is Uhlenbeck then a and (3-^ are isotropic; 

(b) if a is Segal, then and (3 are isotropic. 

Proof, (i) This follows from: 

wf_^ = {xWi^ + XH+) n }?-^'H+ = {\^-'Wi n \^-'-n+) + xn+ = \^-'Wi-2 ■ 

(ii)(a) Let Wy_^ and Wl^_2 be obtained from Wi by one and two Uhlenbeck steps, 
respectively, and denote by 7^ and 7j_i the corresponding Uhlenbeck subspaces. Then 
7i = 7, and since by Proposition 12.61 Wi-2 C W^2: obtain (vr/j + A~-'^7r^)?^-|- C 
(7r7i_i + X~^7r^.__^)'H^ , which implies that 7j_i C /3. Thus 7 = 7r^(7i_i) = 7r^(/3). 

Since both $j and ^i-2 are real, the factor A~^(7r^ + A7r^)(7r^ + A7r;^) belongs to ilO(n). 
Hence Tr^y = tt^tt^; taking images we get = 77^(7) C /?, and hence /S-*- is isotropic. 
On the other hand, taking the adjoint gives vryvr-g = vr^vr^; hence 7 = 7r^(/3-'-) C 7-*", and 
thus 7 is also isotropic. Part (ii)(b) is proved in a similar way. □ 

Note that, if Wi : M — t- Gri is an extended solution, so is Wi-2 '■ M — t- Grj_2- Starting 
with any W : M ^ Gr^- with r > 2, on performing alternate Uhlenbeck and Segal steps, 
we obtain the alternating filtration of Example 14.51 When we start with real W of even 
degree, iterating this process leads to a uniton factorization (Definition 13. 4p of a real 
algebraic extended solution into real quadratic factors, as follows. 

Theorem 6.3. Let r = 2s where s G N. Let <I> : Af — )■ ilj,U(^)'^ be an extended solution. 
Then <1> has a uniton factorization: ^ = rji ■ ■ ■ rjr with rji = vr^j + Avr^, where 

(i) each quadratic factor 'q2f.-iV2i has values in 0,2^ {n)^ {£ = 1, . . . , s); 

(ii) each 'even' partial product rji - ■ ■ r]2j has values in il2jU(n)^ (j = 1, . . . , s). 
Further, each ai is given explicitly in terms of W = by (14. 6p as in Example \4-5\ 

The hypothesis on $ is equivalent to saying that W is real of degree r, and this is 
equivalent to saying that ^ = X~^^ : M — )• J70(n) is an extended solution of the form ()6.ip 
with j = s. Conclusion (i) is equivalent to saying that each quadratic factor A~^r72£-i%£ 
lies in 00 (n) and is of the form (|6.ip with j = 1. Conclusion (ii) is equivalent to saying 
that \~^rji ■ ■ ■ r]2j : M — > 00 (n) is an extended solution of the form (16. ip . 
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We now show how we can apply the theorem to find harmonic maps. 

Lemma 6.4. Let ip : M ^ 0(n) he a harmonic map of (minimal) uniton number at most 
s as a map into U(n). Then ip has an associated extended solution ^' : M — )■ QO(n) of 
the form (16.ip with j = s. 

Proof. Let <I> : M — )• J7U(n) be a polynomial extended solution of degree at most s 
associated to ip. Choose zq & M and set ^ = ^{zq)~^^. Then \I'(zo) = I = ^'(zo)) hence 
^ = ^ by uniqueness of extended solutions. It follows that ^ is of the form ()6.ip . □ 

6.2. Harmonic maps into real Grassmannians. The Cartan embedding ()3.3p re- 
stricts to an identification of the union = UfcGfc(M"') of real Grassmannians 
with the totally geodesic submanifold {g S U(n) : = I and g = g} of U(n). Re- 
call from ^S.ll the involutions on 0,\J{n) and on Gr, and their fixed point sets f2U(n)'^ 
and Gr'^. Clearly the first of these restricts to involutions on J70(n) and on ^i\J{n)^ 
for any i; denote the corresponding fixed point sets by r20(n)'^ = 0,0{n) n n\J{nY and 
^i\J{nY'^ = rijU(n)'* n Q\J{nY. For any i, the involution u restricts to Grf, with fixed 
point set = Gr^^nGrf . For $ G n\J{n), set W = <^n+ . Then $ G 17^U(n)''''^ if and 
only if G Gr^' ; in this case, if r = 2s, then <I>_i is a harmonic map of uniton number 
at most r into a real Grassmannian By Lemma |5. 11 Theorem 16.31 specializes to 
the following. 

Corollary 6.5. Let $ : M — t- Q2s^{nY'^ be an extended solution. Then $ has a uniton 
factorization: ^ = rji ■ ■ - rjr with rji = tTq, - + Avr^. , such that 

(i) each quadratic factor r]2e^i^2e f^os values in r22U(n)'^ (£ = 1, . . . , s); 

(ii) each partial product rji . . .rji has values in r2jU(n)'^ (i = 1, . . . , 2s); 

(iii) each even partial product rji ■ ■ ■ r]2j has values in Q2j^{'>T'y'^ (j = 1, . . . , s). 

Further, each Ui is given explicitly in terms of W = ^T-Lj^ by (j4.6p as in Example \4.5\ □ 

To apply this to harmonic maps we need the following result. 

Lemma 6.6. Let <p : M ^ Gfc(]R"') be a harmonic map to a real Grassmannian with 
n — k even, which is of finite uniton number as a map into U(n) . Then <p has an extended 
solution : M — )• ^0{nY of the form (j6.ip for some s G N, and with ^ -i = ^p. 

Note that, if n — is odd, then we can embed Gfc(M") in Gfc(R"+^). 

Proof. Let zq ^ M and write (^(zq)"'" = 5 + 5, where 5 C C" is an isotropic subspace. Set 

Of = X-'ns + vr^^^^^ + Xnj G 170(n)'^ ; 

then Q'^i = ip{zQ). By Remark 13.61 there is an extended solution ^' : M — t- riaigU(n) as- 
sociated to if with initial condition ^(zq) = Q^. Since = and = Q^xiQ^i)'^^ 
by uniqueness of extended solutions we see that ^' : M — )• QO(nY. Now = gcp for 
some g G U(n); evaluating at zq shows that g = I, i.e., = (p. □ 

6.3. Harmonic maps into the space of orthogonal complex structures. By an 

orthogonal complex structure on M^"* we mean an isometry J of M^™ with = —I. We 
can choose an orthonormal basis {ei, . . . , e2m} of M^™ with e2j = Je2j-i (j = 1, . . . , m); 
J is called positive if this basis is positively oriented. This identifies the space of or- 
thogonal complex structures with the Hermitian symmetric space 0(2m)/U(m) and the 
space of positive orthogonal complex structures with S0(2m)/U(m). Further, the space 
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0(2m)/U(m) can be identified with the space of maximal isotropic subspaces of C^™; ex- 
phcitly, extend an orthogonal complex structure J to C^"* by complex-linearity, and iden- 
tify it with its (— i)-eigenspace ('(0, l)-space') V; in terms of a basis {ej} as above, this is 
span{e2j_i +ie2j : j = 1, . . . , m}. This gives a totally geodesic embedding of 0(2m) /U(m) 
in Gm(C^™); with the standard conventions this embedding is holomorphic. Composing it 
with the Cartan embedding of Gm(C^™') into U(2m) gives the totally geodesic embedding 
J I— )• TTv — vTy = Try — vTy with image {g € U(2m) : = I and g = —g}. 

In H<j.l\ we started with W G Gr which was real and of even degree. Let us now consider 
a subspace W which is real of odd degree r. 

Example 6.7. Suppose that r = 1, so that W = V + XHj^ . Then W is real if and only 
if y-*" = V , i.e., V C C" is maximal isotropic. In particular we must have n = 2m for 
some m. Now, W is an extended solution if and only if V is holomorphic; it follows that 
W = is a real extended solution of degree one if and only if is a holomorphic 

map into 0(2m)/U(m). 

In general, if W is real of odd degree r, then after r — 1 alternate Uhlenbeck and Segal 
steps as described in ^6.H we are left with a space which is real of degree one, and hence 
n must be even. We have proved the following result. 

Theorem 6.8. Let <I> : M — )• r2rU(n)'* be an extended solution for some odd r = 2s + 1. 
Then n = 2m for some m € N and $ has a uniton factorization (Definition \3.4^ : <I> = 
mVi ■ ■ ■ Vr-i with r]i = TTa,+^ + Avr^^^^ where 

(i) ai is maximal isotropic inC^™" and defines a holomorphic map M — )■ 0(2m)/U(m); 

(ii) each quadratic factor r]2i-iri2i has values in 02U(n)'^ = 1, . . . , s); 

(iii) each even partial product rji ■ ■ ■ r]2j has values in Q2j^{n)^ {j = 1, . . . , s). 
Each Oi is given explicitly in terms of W by (|4.6p as in Example \4-5\ 

Further, if ^ : M ^ ilrU(n)'^'^, then each partial product rjQ . . .rji has values in 
QiU^ny. □ 

From the proof of Proposition 14.41 we see that the first uniton ai is given by ai = 
PoiX-^'-'^'^/^Wnn^) = 5(^+i)/2 where Y^Zo ^^i+i + is the S^-invariant limit of 

W (see Example 13. 16p . 

To apply this to harmonic maps, note that if $ : M — )• i}r^{n)^ is an extended solution 
with r odd, then i<I)_i has values in 0(n). If, additionally, $ : M — )- Qr^^n^'^, then $_i 
has values in 0(2m)/U(m) C U(2m). We give a converse. 

Lemma 6.9. Let ip : M ^ 0(2m)/U(m) C U(2m) be a harmonic map of finite uniton 
number. Then there is an extended solution $ : M — )• Q,r\J(2my'* with r odd and = 

Proof. Let zq £ M and write ^{zq) = y so that 1" is a maximal isotropic subspace of 
C2™. Then = -Ky + Xiry G n\J{2my satisfies Q_i = ip{zo). By Remark [Ml there 
is an extended solution ^' : M — )• ili^igU{n) associated to f with ^'(zo) = Q- From 
= A-IQa and Qx G 0U(2m)^ by uniqueness we see that ^ : M ^ Q\J(2mY . Thus, 
if ^ = Yy\=^s ^^'^i with r_s, Tt / 0, then from = A^^^' we see that s = t-l. Hence 
$ = A'*^' : M n2s-i^i'^mY'^ is an extended solution with ^>_i = ±(p. □ 

Putting together the results of the last three subsections we obtain the following. 

Corollary 6.10. Let W be an extended solution which is real of some degree r. Define 
subbundles ai by (j4.6p as in Example \4-5\ and : M ^ 0(n) by ()3.4p . Then if is a 
harmonic map of uniton number at most r and every such harmonic map is given this 
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way. If W is closed under u, then ip has image in a real Grassmannian (r even) or 
0(2m)/U(m) (r odd), and every harmonic map of finite uniton number from a surface to 
these spaces is obtained in this way. 

We discuss how to find real extended solutions W in ^6.61 

6.4. Real S'^-invariant solutions. On 'H+/y'H+ = C" + AC" H + A^-^C" ^ C"^ 

define the bilinear form 

r-l 

{v,w)s = '^{vk,Wr-k-l)c, 
k=0 

where v = vq + Xvi + • • • + X^^^Vj—i, w = wq + Xwi + • • • + X^~^Wr~i, and (•, •)£ denotes 
the standard complex symmetric bilinear form on C". Note that {v,w)s gives the L^- 
inner product of X^~'^v and w. For any subspace V C ^+/A'"H+, write V-^" = {u G 
Z I {v,w)s = for all w G V}, then the following is immediate. 

Lemma 6.11. LetW = V + X'n+ G Gr,., where V C n+/X'n+ . Then W e Grf if and 
only if y"*"" = V. In this case, 2dimy = nr so that nr is even. □ 

Note that the last statement follows from dim V-^" = nr — dim V. 

Now let <^ : M 0.rU(n) be an extended solution and set W = ^7i+ : M Gr^ . 
From Propositions 12.101 and 13.141 and Lemma 16.111 $ is 5^-invariant if and only if = 
V + where V = X][=o ^'^i+i some superhorizontal sequence (Definition I3.13P : 

(6.2) = (5o C (5i C ••• C C = C". 

As before, the 5i are the Segal unitons for Call this sequence real (of degree if 
^i^^ = 6r-i+i for all i; here -^^ denotes orthogonal complement with respect to (•, •)c. On 
setting Q = 5f- n (i = 0, . . . , r) as in Proposition 13. 141 this is equivalent to Ci = Cr-i ■ 
Note that the sequence {5i) is real if and only if W is real. Furthermore, if : M — )■ Grf 
is an arbitrary real extended solution, then its S'^-invariant limit (Example I3.16P is also 
real. 

Proposition 6.12. Let <I> : M — )■ ilrU(n)'* be an S"^ -invariant extended solution and 
consider the corresponding superhorizontal sequence ()6.2p . 

(i) The r]i in Theorems \ 6.3\ and \6.8\ all commute and 

where s = [r/2]. Additionally, if r is odd, r/o = vry + Avr^ where V = 6(^r+i)/2- 

(ii) Suppose that r = 2s and set if = Then ip is given by 

s/2-l (s-i)/2 
^ = Cs® ^ C2fc © C2k {s even); if = ^ C2fc © C2k (s odd); 

k=0 k=0 

the sum is the direct sum of harmonic maps into G2j(K") for various j. □ 

We now discuss how to find real superhorizontal sequences. Let f : M ^ Gk{C^) be 
a holomorphic map. Let /(j) denote its i'th associated curve (Definition IMl), and GW(/) 
its i'th 9'-Gauss transform (Example 14. 7p : Note that G^^\f) = H /(j) (where we set 

/(_i) equal to the zero bundle). 

Say that f : M ^ Gk{C^) (or the corresponding holomorphic subbundle of C") has 
isotropy order t e {-1, 0, 1, . . .} if (/(j), /(-,))c = for < « + j < t and (/(j), /(-,))c / 
for i + j = t + 1; if there is no such number t, we say that / is of infinite isotropy 
order or (strongly) isotropic jlOj . For a map f : M ^ CP""^ we have i = 2s + 1 with 
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s < [(n — 3)/2] , see [T]. To say that / has isotropy order at least t is equivalent to saying 
that is an isotropic subbundle of C*^. A full holomorphic map / : M — t- CP"^^ is 
called totally isotropic if it has the maximum possible finite isotropy order; it follows that 
n is odd and / has isotropy order n — 2. Equivalently, a full holomorphic map is totally 
isotropic if its {n — l)st c?'-Gauss transform G^"'~^\f) is equal to /. When M = 5^, all 
holomorphic maps of finite isotropy order are given by an algorithm in [1], see (iv) below. 

Example 6.13. (i) When n is odd, and / : — )• CP""^ is full and totally isotropic, 
then 6i = /(j-i) (i = 1, . . . , n — 1) defines a real superhorizontal sequence of degree n — 1 
with Q = G^^\f). A nice example is the Veronese map |3], where all the Q define minimal 
surfaces of constant Gauss curvature in CP^~^ with C(n-i)/2 MP"""*^. 

(ii) When n = 2m, let y be a constant maximal isotropic subspace of C" and let 
= (5o C (5i C • • • C (5s_i C 5s = y be any superhorizontal sequence in y. For i = 1, . . . s, 
set Ss+i = 5f^^ . Then (5^) o<i<2s) is a real superhorizontal sequence in C". 

(iii) Again with n = 2m, to obtain an example with no 6i constant, choose h : M ^ 
([^pn-i fy^Yl and totally isotropic, then set 6i = (i = 1, . . . , m — 1) and 6i = 6^^-_^ 
(i = m, . . .n — 2); this is real of degree n — 2 and normalized. 

(iv) Take isotropic coordinates on and and define /iq : -S^ = CP^ = C U {oo} — )• 
CP^ by ho{z) = [1, z^, z, — z^]. Then ho is full holomorphic and isotropic. Applying the 
algorithm of [Ij yields a full totally isotropic holomorphic map /i : — )• CP^ given by 
h{z) = [24z,6z^ 12^2, -8^3, 1, -48^5]. By part (iii), Ochc C h-jf^ C /i^c c is a 
real superhorizontal sequence. 

The following result will be useful when obtaining bounds on the uniton numbers of 
real extended solutions. 

Lemma 6.14. Let X C C^"* be a maximal isotropic holomorphic subbundle with 
dimX(i) < dimX + 1. Then X is constant. 

Proof. Define a complex-valued 2-form on X by 

Pp{v,w) = {da{p),w)c {v,w £ Xp, p £ M), 

where a is any local section of X with cr{p) = v. For a fixed p £ M, consider 

F:Xp^X;, F{v) = pp{v,-). 

Clearly, p restricts to a non-degenerate 2-form on Xp/ ker F; in particular, X/ ker F must 
be of even dimension. However, since X is maximal isotropic, we have the exact sequence 

Xp^ {Xii))p ^ ImP ^ 0, 

so that dimXp/kerP = dimImP < 1. Hence ImP = 0, so Xp = {X(i-^)p, i.e., X is 
constant. □ 

It is easy to find all real superhorizontal sequences of odd degree as follows. 

Proposition 6.15. All real superhorizontal sequences {5i) of odd degree r are given in- 
ductively in the following way: 

(i) choose a maximal isotropic holomorphic subbundle Y of C^"*, i.e., a holomorphic 
map Y — )• U(m)/0(2m) (which may be constant), and set (5(r+i)/2 = ^• 

(ii) given • • • ,5(r.+i)/2) " " " ^r-i for some i £ {2, . . . , {r — l)/2}, choose a holomor- 
phic subbundle 6i o/C" satisfying (a) 6i C {{Sr-i){i)}'^^ cind set 

(b) = 5,^*=. □ 
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Note that, apart from the initial choice 5(^r+i)/2j only have to differentiate and solve 
the linear equations (a) and (b) to find the other 6i. Note, further, that if {((5r-j)(i)}"'"^ is 
the zero bundle, 6j for j < i will be zero and we will effectively have a shorter sequence. 

An alternative way of finding real superhorizontal sequences is illustrated by the fol- 
lowing example; it can readily be generalized to find real superhorizontal sequences of any 
(even or odd) degree with subbundles of specified ranks. 

Example 6.16. To find all superhorizontal sequences of degree 3 in with the 5i of 
ranks 1, 3 and 5, let hg : M ^ CP^ be a holomorphic map of isotropy order at least 2 
and set 6i = ho. If Hq is constant, choose to be a rank two isotropic subbundle of the 
constant subbundle {ho)'^'' not containing ho. If ho is non-constant, choose /13 to be a rank 
one isotropic subbundle of (/;-o)(i) ^ not lying in (/io)(i); possible subbundles can be found 

explicitly by solving linear equations to find a basis for (/io)(i)^*') then the coefficients of 
a meromorphic section spanning /13 will satisfy a single quadratic equation. In either 
case, set 82 = (^o)(i) + ^3; ^3 = ('^i)"'"''^- 

6.5. Normalization of real solutions. Given an extended solution <I> : M — t- Qr^{n)^, 
as usual set W = ^71+ : M Grf and 6i+i = Pi{W n X%j^) (0 < i < r - 1). From 
the reality conditions, it follows that '5(r+i)/2 is maximal isotropic when r is odd. In 
fact, as remarked after Theorem 16.81 this is the first uniton in the alternating uniton 
factorization of W. We may perform a normalization procedure similar to that of the 
U(n) case discussed in ^3.4[ 

Proposition 6.17. Let <I> : M — )■ ilrU(?^)'* be an extended solution with r > 3. Then nr 
is even and 

(i) there is a loop rj G ilalgU('T')''^ such that $ = r]~^^ is real and normalized; 

(ii) the degree of any normalized extended solution $ is at most n — 1; 

(iii) // n is even, we find r] such that the degree of ^ at most n — 2. 

Proof. Set W = ^T-L^ : M — )• Grf. That nr is even follows from Lemma 16.111 

(i) Suppose that Ai = Q for some i. Then A^-i = as well, so we may assume that 
i > r/2. U i = r, then : M Grf_2. If r is odd and i = (r + l)/2, then 
^{r+i)/2 = '^(r+3)/2; SO F = (^(,.+i)/2 IS Constant and maximal isotropic. As in Lemma [3TT71 
it follows that (vry + X~^-7Ty)W : M — )• Gr*_]^. Similarly, if r is even and i = r/2, then 
Y = 6r/2 = is Constant and maximal isotropic, and (Try + A~^7ry)PF : M — )• Grf_^. 
It remains to consider the case when i > (r + l)/2. Following |18j . we set 

V = v+i-"(i^ n x''-'-^n+) + x^-'{w n x"-^n+) + x^n+ . 

We have W^'^Y dWdY; from the fact that Ai = Ar-i = 0, it follows easily that Y 
is real of degree 2 and constant. Hence Y = rjlij^ for some constant rj G Q.2Y{n)^ and 
rj-^W -.M ^ Grf_2. 

(ii) Since Ai for all i, we have n = Yll^o rankAj > r + 1, and the inequality follows. 

(iii) When n is even and r = n — 1, either some = or dimJj = i+1 for all i. If = 
for some i, then we can reduce the degree by (i). If dim5i = i for all i, then Y = 5^r+i)/2 
is constant by Lemma [6.141 It is easy to see that (vry + X~^'Ky)W : M — )• GrJ?_2. □ 

Remark 6.18. The bounds are sharp as shown by Examples 16.131 (i) and (iii). 

6.6. Examples of real harmonic maps and explicit formulae. To find (extended 
solutions of) harmonic maps into the orthogonal group, real Grassmannians and the space 
0(2m)/U(m) we need to find extended solutions W which are real (Definition 6.1). To 
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do this, we start with a finite set of meromorphic sections Hj of C*^, set X equal to their 
span and compute the corresponding extended solution W : M ^ Gr from (I4.ip . then we 
impose the reality conditions: these are linear and quadratic equations. As in Example 
14.51 the unitons Oj for the alternating factorization are then given by (j4.6p : the harmonic 
map and associated extended solution are then the products ()3.4p . ()2.9p of those unitons. 

Let $ : M r2^U(n)'^ be an extended solution and set W = : M Grf. 

As above, we shall assume that ^ is normalized and that, if r is odd, 5(^j.+i)/2 is non- 
constant. Then r is even and < n — 1 if n is odd and r < n — 2 if n is even. Write 
(f = <i>_i : M U(n), so that if = ±(f. 

In the following results and examples, for an extended solution W we write, as usual, 
6i+i = Pi(W n X'K^) so that the S'^-invariant limit (Example KWh of is = 
Yll=o X^^i+i + X^1L+- As before, for a meromorphic section H of C", we write -ff*-*^ to 
mean its z'th derivative with respect to a local complex coordinate on M; further, we 
write to mean the osculating subbundle where h = span{H}; thus = 

span{H,H^^\...,H^^}. 

We first examine some low values of r and n. Clearly r = if and only if <^ = /; the 
case r = 1 is covered by Example 16. 7[ 

Proposition 6.19. Suppose that r = 2 and rank^i = 1. Then W is S^-invariant and 
f = 6i + 6i : M — 7- G2(M") so that ip is a real mixed pair in the sense of [T]. 

Proof. We have W = spanjifo + Aifi} + X62 + A^2i+ • However, the reality condition on 
W implies that Hi G 6^^ = 62 and hence W = di + X62 + A^2i+ > so that is a mixed 
pair as in Example 13. 15l fi). □ 

Proposition 6.20. If n < A then <1> is S"^ -invariant. 

Proof. If n = 2, then r = so that ip is constant. 

If n = 3, rank(5i = 1 and the result follows from Proposition 16.191 

If n = 4, by Proposition 16.17] r = 0, 1 or 2. If r = 2, then rank(5i = 1 and the result 

follows from Proposition 16.191 □ 

The last two propositions are sharp as is shown by Examples 16.211 and 16.221 
For general n and r, all can be found by solving linear and quadratic equations; we 
illustrate this with some examples. 

Example 6.21. Let n = 5 and r = 2 and set 

W = span{//o + XHi , i^^^^ + \H^] + A(i/o)(2) + >?'K+ 

where Hq is full. It is easily checked that W : M ^ Gr2 is an extended solution. Then 
W is real if and only if (i) (i.e., span{//o}) is totally isotropic; (ii) {Hi,Ho)c = 0; (iii) 
H^^^)c = 0; (iv) {H3,Hq)c + {Hi, Hq^^)c = 0. The uniton factorization of Theorem 



3]is = {TTai + A7r^J(7rQ,2 + Avr^J, where 

ai = (i^o)(2) and 02 = span{ifo + vr^^ , i?o^^ + ^i-f^s}- 

As before, when M = S'^, all solutions of (i) are given by the algorithm in [1]. Set 
Hi = aH^^^ and H3 = bH^^^ + ci/^"^^ for some meromorphic functions a, b and c. Then 
(ii) is satisfied and (iv) reads c{Hq, HQ^^)c-\-a{HQ^\ Hq^^)c = 0, i.e., {c—a){HQ, Hq^'^)c = 
which is satisfied if c = a. Finally (iii) can be written: b{Ho, Hq^'')c = c{Hq^\ Hq^'')c. 
Since Hq is full, {Hq, Hq^^)c is not identically zero, so we can find b to satisfy this. 
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This determines an extended solution W = <I>'H-(_ of a harmonic map ip = <5_i : M — )• 
0(5). If a is identically zero, then <I> is S^-invariant with = //(x) © -ff(i) so that 
= G^'^\Hq) is a harmonic map into MP^. If a is not identically zero, then $ does not 
have values in 02U(5)^''* and ip does not lie in a Grassmannian. 

Example 6.22. Let n = 6 and r = 3 and set X = span{iJo + A-ffi + \^H2, XH3 + X^Hi}. 
Applying (j4.ip gives the extended solution 

W = span{i7o + XHi + A^ifa} + A span{i/3 + (^0 + AFi)(i)} 

+ A2span{(/7o)(2), (^3){i)} + X^K^ ■ 

The 5^-invariant hmit is = 61 + X62 + A^tJs + X^H^ where 5i = span{iJo}, h = 
span{(//o)(i)) -f^s}) and ^3 = (^/^o)(2) + (-f^3){i)- This is a real superminimal sequence if 
and only if 62 is a maximal isotropic subbundle of and ^3 = 6^^. We can find all 
possible Hq and as in Example 16. 161 
Next, W is real if and only if, additionally, 

(i) {Ho,H2)c + {Hi,Hi)c =0, ] 

(ii) {Ho,Hi)c =0, ^ 

(iii) {Hi,H3)c + {Ho,H^)c =0. J 

We can find all possible Hi by solving the linear equation (ii); this is equivalent to choosing 
a meromorphic section of ((Ji)"*"^ = 63- We then find all possible H2 by solving the linear 
equation (i). Finally we solve the linear equation (iii) to find all possible -^4. Then 
W = ^7i+ is an extended solution with i<I>_i : M — )■ 0(6). We can easily calculate the 
factorization of Theorem 16.31 as in the previous example. 

6.7. Maps into real Grassmannians and 0(2m)/U(m). For real i^-invariant extended 
solutions, we obtain the following bounds on the minimal uniton number. 

Proposition 6.23. Let <I> : M — t- r2j.U(n)''''* be an extended solution with r > 4. Then 

(i) there exists rj G ilr-sU(n)^ such that <5 = r}~^(^ : M — t- f]sU(n)''''* is normalized; 

(ii) if $_i : M ^ Gfc(M"), then s < 2mm{k - l,n - k}; 

(iii) if <I>_i : M — t- 0(2m)/U(m), then rj may he chosen so that s < 2m — 3. 

Proof, (i) Suppose that $ is not normalized, so that Ai = for some i. Since this implies 
that Ar-i = 0, we may assume that i > r/2. The result is obvious if i = r. If r is 
odd and i = (r + l)/2, then Y = 5(r+i)/2 = <^(r+3)/2 is constant and maximal isotropic. 
As in Proposition 15.31 it follows that (vry + A~^7ry), W : M ^ Gr^^2- Similarly, if r 
is even and i = r/2, then Y = b^i2 = is constant and maximal isotropic, and 

{tiy + X'^^^)W : M Gr';'32 ■ 

Suppose now that r/2 + l<i<r — 1. Following the treatment of the symplectic case 
in [18j we define 

V = x'+^-^'iw n x'^-'-^n^) + x^^-^w n x''~'-^n+) + x'^n+ . 

We have X''~^V C W C V; from the fact that Ai = Ar-i = 0, it follows easily that V is 
constant and lies in Grf. As in [18], we see that {V Q XVf'^'^ = 0. Hence V = tjU^ , for 
some rj £ n^Uin)^ with r]{-l) = I, and ri~'^W : M Gr';^'^^ . 

(ii) We know that r is even, and since W = ^T-L+ is normalized, we have 

s/2 s/2-1 

k = rank > 5/2 + 1 and n — k = rank^2j+i ^ s/2, 
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and the inequality follows. 

(iii) Since r is odd, 5(r+i)/2 is maximal isotropic, li Y = 5(r+i)/2 is constant, then 
(TTy + A~^7ry)$ : M — t- ilg_2\i{nY'^ . Thus, assume that (5(r+i)/2 is non-constant. By 
Proposition 16.171 we have rank^(r+i)/2 = rank(5(r+3)/2 — rank(^(r+i)/2 ^ 2. By reality, we 
then also have Tai\kA(^^_iy2 ^ 2. Thus 

s 

2m = rank > s + 3, 
j=0 

and the inequality follows. □ 

Corollary 6.24. (i) Suppose that k or n — k is even and let ip : M ^ 0^(1^") C U(n) 
he a harmonic map of finite uniton number. Then there is an extended solution $ : M — >• 
ilrU(n)'^'^ with r < 2min{A;,n — A;} and = ±ip. 

(ii) Let if : M ^ 0(2m)/U(m) C U(2m) he a harmonic map of finite uniton number. 
Then there is an extended solution <I> : M — t- Vlr\]{2mY'^ with r < 2m — 3 and = 

Note that if k and n — k are odd, then we can embed Gfc(M") in Gfc(M"+"'^). 
We now give some examples, starting with a classification for low values of r. 

Proposition 6.25. Let W : M ^ Gr^ be an extended solution. Suppose that r < 2, or 
r = 3 and rank(5i = 1. Then W is S^ -invariant. 

Proof. When r = 2, this follows from Example 13.151 

When r = 3, W = span{i7o + A^Fi} + X62 + A^Ja + X^TL^ . However, the reality 
conditions imply that Hi G = 6^, and hence W = 61 + X62 + A^^s + A^2i+i which is 
5 ^-invariant. □ 

The next two examples show that the hypotheses of the last result are sharp. 

Example 6.26. Let m > 4 and r = 3. Consider the extended solution 

W = span{i7o + X'^Hi,H2 + X'^Hs} + XS2 + X'^63 + X^U+ , 

where C 5i = spanjifoj H2} C 62 C 63 C C^™' is a superhorizontal sequence. When Hi 
and H^ are zero, we obtain the S'^-invariant limit = 5i -\- X52 + X^6s + A^2i+ • Then 
W is real if and only if the sequence {6i) is real and 

(6.3) {Ho, Hi)c = {H2, H^)c = {Ho, H3)c + (^1, ^2)c = 0. 

The filtration of W given by alternating Uhlenbeck and Segal steps is given by 

Wi = x-^w nn^ + xn+ = 62 + xn+, 

W2 = x-^w nn^ + x^n_^ = 62 + X63 + x^n+; 

the resulting factorization of Theorem 16.81 is $ = n*-^^(7rQ,^ + Avr^,) where 



ai = PoWi = 82 



"2 = X] SlPsW2 = Vr„i-52 e TT^/s = -53 , 
s=0 
2 

«3 = 5^ SlPsW2 = span{//o + vr^^a^i, + vr^^gi^s} 
s=0 
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The corresponding harmonic maps ^pi = n*=^(7rQ,^ — t:^,) are: 

ipi = 52:M'^ ^ 0(2m)/U(m) , 
(/P2 = C2^ : ^ G*(C) where C2 = n , 
= (/?3 = "3 ® C2 : Af 2 0(2m)/U(m) . 

The harmonic map ip^ corresponding to the S'^-invariant hmit of W is given by ip^ = 
(5i ® C2 : M2 ^ 0(2m)/U(m). 

As an example, we find solutions W with m = 5. Consider a natural decomposition 
C"*^*^ = Cf ® C2 of C"*^*^ into two copies of C^; choose full totally isotropic meromorphic 
maps Hq : M ^ <C\ and H2 : M ^ C|. Set 5i = span{i?o, -^^2}- Next, pick : 
M — )■ \ (<5i)(i) meromorphic with (-ff4,i?4)c = 0. Setting 62 = ('^i)(i) and 

^3 = 6^^ defines a real superminimal sequence giving an 5^-invariant harmonic map 
M O(10)/U(5). 

Next, choose Hi = Ki +aHlf^ and -ffs = bH^^^ + K2. Then the reality conditions (j6.3p 
are satisfied if i^i : M span{i?o}"^'^ nC^, K2 : M ^ span{iJ2}"^'' n C|, and 

Neither (i^o, J^J^V nor (//2,^2^^ )c are identically zero, so the last equation has solutions 
with neither a nor b identically zero and we have a real solution W. 

Note that W is S^-invariant if and only if Hi and H3, are sections of ^3 ; this holds 
precisely when a = b = 0. 

6.8. Harmonic maps to the symplectic group and its quotients. Let J denote the 
conjugate linear map given by left multiplication by the unit quaternion j on C^"^ = W^. 
In a similar way to Definition 16.11 we say that W G Gry is symplectic ( of degree r J if 
JW = \^~'^W . We denote by Grij. the set of elements of Gr^. which are symplectic of degree 
r; similarly, we denote by Q.jXi{2mY the elements of J7rU(2m) satisfying J^J^^ = X^'"^; 
when W = , we have W E Gr^ if and only if $ e OrU(2m)"'. If <I> G r^rU(2m)'^, then 
$_i or is in Sp(m) depending on whether r is even or odd. The results described 
in § §6.11 — 16.31 have obvious analogues when 0(n) is replaced by Sp(m). 

For the first two subsections, where r is even, this was done in [18], obtaining harmonic 
maps into Sp(m) and quaternionic Grassmannians, see also [9] and [15]. Regarding the 
new results in §6.31 for r odd, the first term in the factorization described in Theorem 16.81 
will correspond to a holomorphic map into the Hermitian symmetric space Sp(m)/U(m). 
In all cases, our methods give new explicit formulae for the harmonic maps and their 
extended solutions. 

As in §6.51 we can normalize any extended solution $ : M — )• Q,r^{2m)'^ , and easily 
obtain the following bounds on the uniton number r. 

Proposition 6.27. (i) Given a harmonic map : M — t- Sp(m) of finite uniton number, 
there is an extended solution $ : M — )• J7.rU(2m)"^ with = ib(/9 or <I>_i = iti^j and 
r < 2m — 1; 

(ii) if if takes values in Sp(m)/Sp(A;) x Sp(m — k), then <I> can be chosen with r < 
4min{A;, m — k}; if 2k = m, then this can be improved to r < 4k — 2. □ 

As in the 0(n) case, it follows easily that, if ip'^ = I, then this extended solution $ can 
be chosen to take values in OrU(2m)^''^ = r2,.U(2m)'^ H Qr^{2mY . Let lo be the standard 
complex skew-symmetric form on C^™ preserved by Sp(m). A subspace V C C^"* is said to 
be J -isotropic if oj{v, w) =Q for all v,w gV . To construct examples of extended solutions 
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into r2j,U(2m)'^, we may proceed as in the 0(n)-case, replacing 'isotropic' by 'J- isotropic', 
the symmetric bilinear form (•, ■)£ by u, and complex conjugation by multiplication by J. 

We define J-isotropy order in an analogous way to the definition of isotropy order in 
^6.4[ However, this time, for a map / : M — t- CP^™"^, the isotropy order t is even and 
t < 2m — 2. A full holomorphic map f : M ^ CP'^'^~^ is called totally J -isotropic if it has 
the maximum possible finite J-isotropy order 2m — 2. Equivalently, / is totally isotropic 
if = Jf. When M = 5^, all holomorphic maps of finite J-isotropy order are 

given by an algorithm in [2]. 

Example 6.28. Let /i : M — )■ CP^™~^ is a full totally J- isotropic holomorphic map. 
Then, as in %A\ we can construct an S^-invariant extended solution W = <I>'H+ = 
YllZo + ^^1L+ from the super horizontal sequence 

C 5i C ^2 C • • • C Jsm-i C C^"^, 

where 5i = h(i_iy Then $ takes values in Q,2m-i \J{2mY''' and (/? = ^>_i : M ^ 
Sp(m)/U(m) C U(2m) is the harmonic map of (minimal) uniton number 2m — 1 given by 

pTD . 

There is no analogue of Propositions 16.191 or of 16.201 as the next two examples show. 
Let J^O) Hi, H2 be meromorphic sections of C^™. 

Example 6.29. Let r = 2 and m > 2. Choose J^o to have J-isotropy order at least 2 
and set W = spanjJfo + AJ^i} + X52 + A^2i+ where S2 is the orthogonal complement of 
61 = spanjJfo} with respect to w. Then W is a symplectic extended solution, so that 
W = <1>'H+ for an extended solution <I> : M — )■ $72U(2m)'^, thus giving a harmonic map 
ip = <I>_i : Af —7- Sp(m). We can take Hi not lying in 62, then (p does not lie in a 
quaternionic Grassmannian. 

Example 6.30. Let m = 2 and r = 3. Set X = spanlJfo + Affi} and let W be the 
extended solution given by ()4.ip . i.e., 

W = span{Fo + XHi} + X{Ho + A/7i)(i) + X^iHo)^2) + ^^K+ ■ 

Then W is symplectic if and only if (i) Hq is totally J-isotropic, and (ii) u}{Ho, h[^^) + 

u}{Hi, H^^) = 0. Following the algorithm in [2], we can construct all Hq satisfying (i); we 
may then choose Hi satisfying the linear equation (ii). Provided (iii) Hi does not lie in 
(i/o)(i)) the extended solution W is not S"^ -invariant. 

As a specific example, starting with Fq = {l,z), the algorithm of p] yields the totally 
J-isotropic map Hq : 5^ — )• of J-isotropy order 2 given by Hq = (z, ^z^, 1, — gz^). Set 
Hi = (0, 0, 0, a) where a is a non-zero constant. Then (ii) and (iii) are satisfied, so we 
obtain a harmonic map f : ^ Sp(2) C U(4) of (minimal) uniton number 3 which does 
not lie in Sp(2)/U(2). 

Example 6.31. Let m = r = 3 and choose Hq full and totally J-isotropic. Set 

W = span{i/o + A^i^i} + A(i/o)(i) + Aspanji^s} + >^HHo)(2) + A2(iJ2)(i) + X^U+ ■ 
Then is a i^-invariant extended solution which is symplectic if and only if iJ2 is a 
section of (ffo)(3)- With these choices, W represents a harmonic map into Sp(3)/U(3) 
of (minimal) uniton number 3. Provided Hi is not a section of (-f^o)(2) + (^2)(i)) the 
extended solution W is not S"^ -invariant. 

In general, we have a similar result to Corollary I6.10j in conclusion, we have found 
explicit algebraic formulae which give all harmonic maps of finite uniton number from a 
Riemann surface to a classical compact Lie group or inner symmetric space of it. 
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